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A STUDY OF PULSE PROPAGATION 
OF ELECTROMAGNETIC SIGNALS 
THROUiH THE SOLAR CORONA 
By C. M. Knop, Y. Shiau, and v. G Y l Y s  
Consultants i n  Electrodynamics 
Oak Park, I l l i n o i s  
SUMMARY 
This report  reviews the basis of a small solar probe 
propagation experiment t o  measure the  radial   var ia t ion of 
electron density in the Solar Corona. Although a concise re- 
view of the entire scheme i s  given, emphasis i s  placed on a 
rigorous formulation of the dispersion undergone by a stepped 
carr ier  wave and a coded group of such waves. 
It i s  shown that the electron density can be determined 
by use of a cross-correlation receiver,  ei ther to measure the 
shape of the correlation response at a single carrier fre- 
quency (in the V.H.F. range or higher) or, alternatively, by 
using several coded carriers at  sufficient separation times, 
and measuring the time difference between the peaks of the 
corresponding correlation responses. It i s  shown that the 
received  correlation  functions, y( I )  are  characterized 
by a single solar distortion parameter, p , which i s  the 
r a t i o  of the rise time of the envelope of a single stepped 
car r ie r   to  the times  the b i t  length.  For the subject 
V.H.F. experiment,  has a range from approximately 
I 
0 5 / 5 2 . The correlation curves f o r  t h i s  range are 
computea and given. 
An example experiment u s i a  V.H.F. frequencies is given 
f o r  a pseudo random code with a typical  satel l i te  t ra jectory.  
The effects  of noise on the accuracy with which the 
measured correlation curves for the dual frequency experiment 
can be  used t o  deduce the integrated electron density, n , 
of the solar corona are then determined. It i s  shown, using 
a formulation involving the peak value of the ou tpu t  correla- 
tion function and i t s  second derivative,  that  if the correla- 
tion output signal to noise power r a t i o  i s  greater than 
approximately 10 Db., the percentage R.M.S. error made i n  
measuring n i s  l e s s  than 5.0 percent,  for p E 0.08 . 
The large s igna l  t o  noise power ratio required of 10 Db. or 
more can be realized by a properly designed correlation re- 
ceiver since this r a t io  i s  under the upper bound of twice the 
input  signal t o  noise r a t i o  which i s  shown t o  be a t  
l eas t  13 Db. 
- 
- 
It i s  concluded that the small solar probe V.H.F. experi- 
ment is  conceptually valid and can be used t o  measure the 
solar corona electron density with a small error. However, 
the experiment requires  s ta te  of the a r t  engineering efforts 
t o  realize the 50 Db. gain receiving antenna and ( t o  a lesser 
degree) the correlation receiver. 
2 
In addition  to  the above review of the V.H.F. experiment 
consideration is  also given to: effect of finite  antenna and 
transmission line, e t c . ,  bandwidth; effects of the use  of 
alternate ( T r i p l e  Folded  Barker) codes; discussion  of  receiver 
design;  effect of the ionosphere; effects of refraction; wave- 
guide  simulation  of  the solar corona; communication  bandwidth 
of the solar corona at S-Band; performance of the dual fre- 
quency  experiment at S and X Band; and basis of diagnostdcs 
of the  corona using continuous  amplitude or narrow band 
frequency modulation. These findings should all be con- 
sidered In the  determination of possible alternate propagation 
experiments designed to  deduce the solar corona  electron 
density. 
3 

I. JNTRODIETION 
The main purpose of t h i s  report is to concisely and 
c r i t i c a l l y  review a propagation method [l, 2, 31 * designed t o  
measure the radial point by point electron density variation, 
n ( r ) ,  of the solar corona. The  method consists of sending 
pulsed car r ie r  waves from a small s a t e l l i t e  i n  a prescribed 
trajectory about the sun and receiving these pulses on the 
earth. By adopting contemporary models of the solar corona 
and using a suff ic ient ly  high carr ier  frequency (V.H.F. or 
above) it is shown that the nonhomogeneous solar corona can be 
represented by an equivalent homogeneous plasma and that the re- 
ceived pulses can then be entirely described by the main s i g -  
nal regime of the response of a homogeneous long path plasma 
t o  a stepped carr ier .  Universal curves describing the envelope 
bu i ld  up (with i t s  pertinent r ise time, % ) and the phase 
modulation which a single stepped carrier undergoes are re- 
viewed. 
Although i t  i s  possible i n  principle t o  determine the 
integrated columnar electron  density, n ( P )  of the  solar 
path by measuring the r ise  time, $ , t o  combat the noise 
levels,  a cross-correlation scheme is described. In th i s  
scheme a ser ies  of N phase sh i f t  keyed (phase of e i ther  
0' or 180' i n  some prescribed pseudo random fashion) carriers,  
1.e. b i t s ,  each of duration, T , are  transmitted, The pseudo 
- 
* The numeral in brackets, [ ] , denotes reference number, 
5 
randomness i s  chosen such that the auto-correlation function 
of the envelope of t h i s  series has a well-defined sharp peak. 
It is then shown that  the shape of the received normalized 
cross correlation function, y ( T )  , is  a distorted version of 
that transmitted due to the dispersion of the plasma and i s  
completely characterized by a single distortion parameter, 
' T f l  t R  , the r a t io  of the  r i se  time t o  the fl times the 
b i t  length. Thus the parameter, ) , uniquely  characterizes 
the  solar  propagation  path. 
For a pseudo  random code having N=127 , computed curves 
These curves reveal that serious distortion of  the correlation 
function begins t o  occur for p near unity since then the rise 
time equals the fl b i t  time and a single pulse loses i t s  
identity. Hence, by measuring the  correlation  function,  as 
can be done with a correlation receiver,  as described, 
measure p , and hence determine?through the relation 
one can 
Alternatively one can transmit another series of pulses a t  
a time T, l a t e r  and a t  a different  carr ier  frequency af ter  the 
f irst  ser ies  has completely decayed. It i s  shown that the 
center of the correlation functions (which a r e  a l l  peaks for 
the  values of p considered)  are  separated i n  time by AT,  
6 
where A T  is  the  differential.  main  signal  or  group  delay 
time, AT = 81 [ -(SI , with fol and fo2 being  the 
2f .fC 
two carrier  frequencies. 
Once  the  quantity n(p) is  determined from measurement, 
the  method of Harrington  involving  use  of an Abelian  transfor- 
mation is employed  to  obtain  the  actual  radial  distribution of 
the  solar  corona  electron  density, n(r>. 
The  report  up  to  this  point  (with  the  exception of speci- 
fying the  pseudo  random  code) is completely  general in that it 
is  valid  for  any  carrier of V.H.F. range or  above.  However, 
as a specific  example,  use of carriers  at 70, 75, and 80 mHz 
are considered  with  an  assumed  l/r2  dependence  in  electron 
density,  and a plot of the calculated p versus  satellite 
location  is  given.  These  calculations  reveal  that p can 
vary  between  near  zero  to  nearly two as the  satellite is in 
the  range  between  inferior  and  superior  conjunction. As such, 
the  cross-correlation  functions  previously  computed  can be 
used  for  this  case. 
A curve  of A T  versus  satellite  location is given  for 
the 70 and 80 mHz combination. 
After  reviewing the Albelian  transformation  relationship 
between z ( p >  and n(r> , the  effects  of  noise  on  the 
accuracy  with  which A T  can  be  measured  and n determined 
- 
are determined  using a formulation  involving  the  peak  value  of 
the  output  correlation  function  and  its  second  derivative and 
the  computed y( r )  carves. A curve  of  the  product of per- 
cent R.M.S. error in : times the output  signal  to  noise 
power  ratio ,
is given,  and 
(?lout 
reveals 
versus 
that  for 
the  distortion  parameter, p 9 
in 
is less  than 5% for p Z 0.08. 
Thus  the  validity of the  basis  of  the  dual  frequency 
experiment  is  established.  The  report  also  covers  (primarily 
in the  Appendices)  some  engineering  type  considerations  re- 
garding  the  receiver  design,  the  effects  of  finite  antenna 
and transmission  line  cable,  etc.,  bandwidth,  the  effect of 
the  ionosphere,  the  effects  of  the  use  of an alternate pseudo 
random  code  (Triple  Folded Barker),  the  effect of refraction, 
the  desirability of waveguide  simulation  of  the  solar  corona 
to  experimentally  establish  the  validity of the  experiment, 
the  communication  bandwidth of the solar corona  at  S-Band, 
the  performance of the dual frequency  experiment  at S and X 
Band, and the  basis of diagnostics  of  the  corona using con- 
tinuous A.M. or N.B.F.M.  modulation.  These  points  are given 
t o  assist in further assessment  of  any  solar  propagation 
experiment 
8 
11. SOLm CORONA CHAFtACTERIZATION 
Contemporary models of the solar corona plasma frequency, 
f p  d i s t r i b u t i o n  a l l  assume spherical symmetry about  the sun 
with only a radial  var ia t ion outward from the sun. Various 
models [ k ,  5, 6, 7, 81 g i v e  the fp(r) ,  (r = R/Ro i s  the 
radial   d is tance from the sun normalized with respect  to  the 
radius of the sun) distributions shown in Fig.  1. The most 
comprehensive model known t o  thZs writer is  that given by 
Hruby, e t  a1 [4]1 , as  summarized i n  Table I. From this table 
it  i s  seen that both the coLlision frequency, 7) , and the 
gyro-magnetic frequencies in the radial  and circumferential 
eBr eBpl 
2 Tm 9 fBg" directions (i.e. fG = - as also plotted in 
Fig. 1) are negligible compared t o  a V.H.F. or  higher frequency. 
Thus, i n  t he  absence of so la r  f la res  o r  other sporadic 
solar phenomenon, the solar corona appears t o  a V.H.F. or  
higher carrier frequency as a cold, collisionless, isotropic, 
plasma with a radial ly  decaying plasma fpequency. 
III . PROPAGATION MODEL 
a. Propagation  Path 
Consider then a transmitting source located such that  
i t s  perpendicular distance (or offset distance) from the 
center of the sun i s  R,, , as depicted in Fig. 2. If we denote 
9 
NASA SP-3042,1967 ""_ H.C.VAN DE HULST (ASTROPHYSICAL JOURNAL, 105, 
471-478,1947) 
FROM n = l o * ( F  x) (ALLEN-BAUMBACH MODEL) 
FROM n= - + - 
1.55+2.99 ""- 
-a I06 I08 
r 2  r 6  
"" - L" 
""- n = ELECTRONS/cm? 
- - - - 
- 
- 
I I I  I I 1 1 1 1  
IO IO8 
f p ,  PLASMA FREQUENCY, CPS. 
FIG.1. PLASMA , COLLISION, AND CYCLOTRON FREQUENCY IN SOLAR ENVIRONMENT FROM 
VARIOUS MODELS. 
TABLE I. SOLAR CORONA PARAMETERS DEPENDENT UPON DISTANCE FROM THE SUN. r4'1 
N 
i.176E 14 
4.677E  13 
2.353E 13 
1.475E 13 
9.533E 12 
3.156E  12 
1.275E 12 
8.102E 1 1  
5.a75E I f  
4.573E 1 s  
3.500E 1 1  
2.552E 11 
1.86CE 1 1  
lc283E EI 
6.252E 12 
2.036E 12 
9.327E LC 
6.796E 10 
5.055E LC 
3.9CCE 10 
3.224E 10 
2.665E 10 
2.203E 10 
1.356E 10 
1.82l.E 10 
1.0311E 10 
8.613E 09 
7.2C2E C9 
6.022E 09 
4.211E G9 
3.6CCE C9 
2.@68E 09 
5.036E C9 
2.285E C9 
1.82OE 09 
1.5ClE C9 
L.256E C9 
L.t5lE C9 
B.BCCE a 8  
7.22CE 08 
~ 
T 
9.156E C 5  
1.31eE C6 
1.43CE 56 
1.43CE 06 
1.415E 06 
l.342E 06 
1.43CE 06 
1.43CE C6 
1.37@E 06 
1.307E 06 
1,246E 06 
19181E 36 
1.12OE 06 
1.C43E 06 
9.7C6E 0 5  
@.85CE 05 
8.185E 05 
7.569€ 05 
7.CC2E 05 
6.161E C 5  
5.56SE 0 5  
5.295E 05 
4.877E 05 
6.48CE C 5  
5.858E C5 
4.51CE 05 
4.28CE 05 
4m062E 05 
3.855E 05 
3965eE 05 
3.472E 05 
3-16CE CS 
2.87CE 05 
2-607E 05 
2-367E 05 
29229E C.5 
i.132E G 5  
2.03SE 25 
1.S5CE 05 
1.82CE 05. 
v 
1 . C 7 4 E  03 
2.268E 03 
3.e42E C3 
7.123E C3 
9.546E 03 
1.494E 04 
1.9C4E 04 
3.214E C4 
3.702E 04 
4.261E 04 
4.85if 04 
5.497E 04 
6.33di. 04 
7.459E 04 
8.088E 04 
8.991E 04 
9.99CE 04 
1.088E 05 
1.122E 05 
1.17GE G5 
1.233E C5 
1.311E 05 
1.39CE 05 
1.483E 05 
1.473E 05 
1.548E 0-5 
1.658E 05 
1.644E 0'5 
1.672E 05 
1.767E C5 
5.285E 03 
2.4i6E 04 
1.466E 05 
1.5ClE 05 
I.bL2E 05 
1.734E 05 
1m799E  G5 
1.853E 05 
1.929E G.5 
1.943E 05 
fP 
9.736E 07 
6.14OE C l  
4.355E C l  
3.448E 07 
2.772E 07 
1.595E C7 
1.271E 07 
2.245~ c i  
1.014E 07 
@.@81E 6 6  
6.939E C6 
15.071E 06 
5.311E C6 
4.535E  C6 
3.872E  C6 
2.742E 06 
2.343E  C6 
?.212E 06 
2.018E  G6 
1.773E 06 
1.612E G6 
1.465E 06 
1.211E 06 
1.C46E C6 
1.332E 06 
9.111E 05 
8.332E 05 
7.619E 05 
6.967E C5 
6r371E  05 
5.826E 05 
5.387E 05 
4.838E 05 
4.291E C5 
3.83CE c5 
3.'478E C5 
3.182E 35 
2.911E C5 
2.6.63E' 05 
2.412E 05. 
v 
1.463E 01 
3.535E CC 
1.6C6E CQ 
1.018E 00 
6.641E-01 
4.396E-01 
1.525E-01 
6.774E-C2 
2.287E-Cl 
i.016k-ui 
5.386E-02 
4.415€-(32 
3.715E-02 
3.024E-C2 
2.460E-02 
1.948E-02 
1.599E-C2 
1.312E-02 
9.522E-03 
8.497E-03 
1 -098E-02 
7.582E-03 
6.765E-03 
6.031E-C3 
5.094E-03 
4.353E-93 
3 e939E-63 
3.564E-03 
3.225E-03 
2.918E-03 
2.593E-03 
2.384E-0-3 
2.641E-93 
2.191E-03 
2.014E-33 
i.8ldE-03 
1.629E-C3 
1.459E-03 
1.307E-03 
1 188E-03 
Br 
1.34.7E-C4 
1.132E-04 
9.645E-05 
8.316E-05 
7.244E-P5 
C.367E-05 
5.S31E-C5 
4.075E-C5 
3.368E-05 
2.83CE-C5 
2.411E-05 
1.811E-05 
1.497E-C5 
1.019E-05 
8.C49E-C6 
6.520E-C6 
5.380E-Gt 
4.528E-CE 
3.85'8E-06 
3.327E-06 
2.547E-C6 
2.G12E-06 
1.347E"C6 
9.645E-07 
8.3lbE-.C7 
6.367E-07 
4.075E-07 
3.368E-C7 
2.411E-07 
i.BllE-C7 
1.497E-07 
2.0i9~-05 
1.258E-C5 
2.898E-06 
1.630E-06 
1.132E-C6 
7.244E-C7 
5.03lE-C7 
2.830E-07 
2.07FE-07 
6.893E-07 6.09CE-03 
6.318E-C7 
2.149E-02  5.416E-C7 
1.701E-CZ 5.832E-C7 
1.158E-02 
5.C55E-Cl 
3.331E-02  4.'139E-C7 
2.673E-C2 
4.212E-07  4.621E-02 
3.791E-07 5.720E-02 
3.446~-07 7.oalE-c2 
3.159E-07 
1.1C9E-Cl  2.708E-07 
9.966E-CZ 2.916E-07 
8a.765E-02 
2.527E-07 
L.576E-01  2.1C6E-0.7 
1.235E-01 
2.298E-07 1.395E-31 
1.896E-07ll.fJ15E-01 
1.685E-07 
1.379E-07 
2.303E-Cl  1.516E-C7 
2.044E-Ol 
2.569E-01 
1.264E-07  2.813E-01 
1.166E-07 
3.475E-01 1.011E-C7, 
3.236E-Cl lmG83E-07 
3.017E-Cl 
9.478E-CH' 
4.865E-Cl  6.893E-GE 
4.138E-Cl 8.424E-Cb 
3.722E-01 
7.582E-C8  4.567E-01 
6.318E-08 
5.522E-Sl  5.832E-CB 
5.183E-Cl 
5.416E-08 
7.871E-01  3.446E-08 
6.904E-01  4.212E-CB 
6.466E-Cl  4.739E-C8 
5.883E-01 
5.C55E-C8 6.267E-Cl 
3.791E-C8  7.372E-Cl 
3.159E-08 
9.611E-Cl  2.708E-CD 
8.991E-01 2.916E-C8 
8.4llE-Cl 
2.527E-CB  1.027E 00 
2.298E-CB 1.096E  CO 
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TABLE I. SOLAR CORONA P ~ A M E T E R S  DEPENDENT UPON DISTANCE FROM THE SUN. [k] 
(CONTINUED) 
- 
r 
36.00 
40.'CC 
45.0C 
50 -00 
55.0C 
60 -0C 
6 5  .CO 
7C .OC 
75.00 
ao.e!: 
90 .oc 
IOC .oc 
I10.0C 
k20 .GC 
130 -02 
14C .SC 
150.00 
16o.c~ 
l a o  .c G 
2CO.OC 
12lS.OC  
N T 
5.924E 08 1.699E 05 
4.550E 0 8  1.55CE 0 5  
3.537E 08 1.42CE 05 
2.755E 0 8  1;30CE 95 
2 . 2 2 5 ~  ca 1 . 2 1 7 ~   0 5  
1 . 5 3 0 ~  C B  1 . 0 7 e ~  05 
1.8C3E 08 1 i 1 4 C E  05 
1.3ClE C 8  L-OlSE 0 5  
1.1C6E 0 8  9.627E 04 
F.4COE 0 7  -9.J.OCE  C4. 
7m320E 0 7  8.316E 0 4  
5.70GE 0 7  7.6CCE 0 4  
4.733E 0 7  7.15CE C4, 
3.93CE 0 7  
4.91lE 04 1.383E 07 
5.36CE 04 1.913E L'7 
5.60CE C4 2.25CE 07 
5.9,5?E C4 2.71CE 0 7  
6.328E 04  3.263E C7 
C i 7 2 6 E   0 4  
I.OOO€ 
C6'4.277E 0 4  7.922E 
C714.5CCE C4 
v 
1.990E C 5  
2..cseE c 5  
2.133E 05 
2.222E 0 5  
2.27CE 05 
2.358E 05 
2.363E 05 
2 . 3 9 i ~  0.5 
2.456E 05 
2.539E 05 
2.577E 05 
2.6eOE G5 
2.66-8E 05 
2.770E 05  
2 "8 76E- 0 5 
5.CltlE 05  
3.119E 05 
3.4C9E 0 5  
3.819E 05 
4.172E 0.5 
2.699E 05  
f P 
2.185E 0-9 1'.5 E. 0 5  c 
1.688E 05 
1.489E 0 5  
1.339E 0 5  
1.204E 05 
1 . 1 1 l E  ;-6.24 E- o-5. 2  
9.440E 0 4  
8.70-4E 0 4  
7.681E 0 4  
6.778E 0 4  ;.;.;E X; 
5.128E 0 4  
4.673E G4 
4.Z58E 04 
3.927E  04 
3.339E  34 . . . . . ._ - . __ . . 
2.839E 54 
2.527E 0 4  
I 
_ _ _ _ ~ ~  ~ 
1.081E-03 
9.527E-94 
7.493E-04 
6.692E-04 
5.976E-04 
8.449E-04 
5.527E-04 5. 1 i .2E-04 
4.729E-C4 
4.374E-C4 
3.472E-04 
3  .lbGE-04 
2.875E-04 
3.8Y7E-04 
2  -617E-04 
2.382.E-04 
2..167E"34 
1.969E-C4 
1 -6.25E-54 
1.342E-04 
1 149E-04 
~~ 
1.258E-07 
1..019E-07 
8.249E-G8 
5.388E-CB 
4 528E-C8 
3.858E-C8 
.3.;327E-08 
2.898E-GB 
. -  
6.520E-08 
_ .  2.,547E-08 
2.012E-08 
1.630E-C8 
1.347E-08 .. " _. 
1.132E-08 
9.645E-09 
8.316E-09 
"7.'246€-09 
~ 6.367E-C9 
5.C31E-09 
-4-.07SE'z09 
3.526E-09 
2.106E-38 
'l..fi96E-C8 
1.685E-G8 
1.516E-C& 
1.379E-C8 
1.166E-C8 
1 . C l l E - 0 8  
9.478E-09 
1.264E-C8 
~ . O ~ ~ E - O E I  
8.424E-09 
7.582E-09 
6.893E-09 
5.832E-C9 
5.416E-09 
5.055E-09 
6.318E-09 
4.739E-09 
4.212E-C9 
'3.791E-09 
3.527E-09 
hd 
1.169E 00 
1.274E CO 
1.383E 00 
1.5ClE CC 
1.614E CO 
1.737E CO 
1.831E CO 
1.931E 00 
2..036E CO 
2.147E 00 
2.326E 00 
2.520E CO 
2.682E CO 
2.855E' CO 
3.235E CO 
3.039E C0 
3.443E CO 
3.653E CO 
4'.113E 00 
4.630E OC 
5.071E 00 
r = R/Ro = NORMALIZED RADIAL  DISTANCE FROM CENTER OF SUN. 
N = " B E R  DENSITY OF ELECTRONS, #/METER3. 
T = ELECTRON T E " U R E ,  DEGREES KELVIN. 
V = SOLAR WIND VELOCITY, "ERS/SEC. 
1/ = COLLISION FREQUENCY,  RADIANS/SEC. 
fP = PLASMA  (ELECTRON)  FREQUENCY,  CYCLES/SEC . 
Br = RADIAL COMPONENT OF MAGNETIC FIELD, WEBERS/METER2. 
BPI = CIRCUMFERENTIAL COMPONENT OF MAGNETIC FIELD, hZBEFtS/METER2. 
hd = DEBYE LENGTH = [( cvkT)/$]' , METERS. 
I SATELLITE TRAJECTORY 
t 
NOT TO SCALE 
FIG.2. GEOMETRY OF PROPAGATION PATH THROUGH SOLAR CORONA. 
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by y( f ,t) any component of the electr ic  or magnetic f ie ld  
propagating along the assumed path, a s  shown in Fig.  2, it 
follows from Maxwell's equations that the Fourier Transform 
of y ( ,t) , denoted by ( 5 ,w) obeys the  scalar wave 
equation 
where Bp i s  the phase factor 
and f r  i s  the  equivalent r 
solar c or ona 
* 
d a t i v e  dielectric constant of the 
Here LJ i s  assumed t o  be a function of r only. 
P 
The received signal at  the earth 's  location (f = L) 
i s  then given by the Four i e r  inversion: 
- 
Here we w i l l  f i rs t  solve (1) f o r  Y then  solve (4) f o r  Y 
14 
- 
b. W.K.B. Solution f o r  Y 
For the solar corona, i t  can be shown (Appendix I) 
that  the rate  of change of cr is very, very small with 
respect t o  a wavelength displacement along the assumed propa- 
gation path, f o r  a l l  frequencies much greater than the maximum 
angular plasma frequency, Pmax 3 
path, i . e . 
encountered along the 
477€ r 
where x = A = 2757 = f ree  space wavelength a t  C 
q l  ’ .  V 
This condition i s  sufficient t o  allow us t o  write f o r  
the W.K.B.. type solution, over this high frequency region, 
of 
L 
where q ( l  ,w) for  W ‘Urn is s t i l l  unknown,  and where Eo 
is the Fourier Transform of the transmitter f ield (assumed 
known), i.e. 
Now 
0 0 
but for  IWl 2 (J, we can write 
and, therefore, 
where 
T 
0 
i . e . ,  w 2  i s  an average squared plasma frequency for the 
given propagation  path. Thus 
P 
16 
This completes the s o l u t i o n  f o r  3 as far as we 
requ i r e ,  as w i l l  be seen. 
C. S o l u t i o n   f o r  y(L,t) f o r  a Stepped Carrier a t  
Transmitter 
1. Formulation 
From (12) we see that  f o r  a l l  f requencies ,  
1 0 1  Z W , the solar  corona has been reduced t o  that of an 
equiva len t  homogeneous plasma with plasma frequency a Now, 
from (41, we can then write 
m 
P* 
Y ( L , t )  = y + y 
HI LOW 
(13 
where y i s  due t o  the high frequency  components ( IWl 32 urn) 
H I  
a d  Y due t o  the low frequency  components ( lul d urn> , 
LOW 
i.e. 
-00 W 
m 
By adding and subtracting the contribution from -wm t o  w m 
i n  '4' , we can write 
KI 
J 0 
where 
@tu, = ut - (JL -[1 - L P  w2 W 2  ] 
C 
Suppose now a stepped car r ie r  wave i s  turned on 
a t  t h e  s a t e l l i t e  a t  time t = 0 , i.e., 
with 
18 
This has a frequency spectrum which is peaked a t  
Gf = W , and since W **(J , we can anticipate (as is 
shown i n  Appendix 11) that AY ( L , t )  will be a negligible 
contribution  to y ( L , t )  Thus, from (16) 
0 0 m 
J 0 
" 
The quickest way t o  evaluate (21) i s  by the 
method of convolution over the time domain 191 Thus, l e t  
h ( t )  be the response o f  the system t o  a delta function input, 
then  the ou tpu t ,  \ Y ( L , t >  , f o r  the  input y<O,t> , i s  [lo] 
We f i rs t  determine h(  r )  To this  end we expand @ ( W )  i n  
a Taylor ser ies  about w , viz. 
0 
where the prime 
and we drop the 
denotes different ia t ion with respect 
higher  order, ho t .  , terms which i s  
i.e., i f  
NOW, here - 
20 
2. Discussion  of  Stationary Phase 
At  this  point we ask  ourselves  what  the  significance 
of this  inequality in the  frequency  domain  is  as  far as re- 
sponse in the  time  domain  is  concerned.  This  question is
answered by recognizing  that  at any given  instant  of  time  the 
output  comes  mainly  from  those  frequencies, us , which  are 
in phase with one  another (i.e., that  group  of  frequencies 
having a stationary  phase).  The  stationary  phase  frequencies 
contribute as 2 , whereas  the  others  contribute  as 
7 E  
as shown  in  Appendix 111. The  phase is stationary  for 
@l(W,=a,@= 0, which  from (17) is 
CpCW) 
= 0 = t-to(l+-$) W 2  
iJ=  w, 
1 
L 
-
Y 
(32) 
i.e.,  at  the  instant t the  stationary  phase  frequencies  are 
w 
S 
+ - (33 1 
A normalized  plot  of (33) is shown in Fig. 3 ,  and  discloses 
that  at  the  initial  arrival  of  the  signal ( i . e . ,  at t = to 
the infinite frequencies  come  in;  and  as t becomes  indefinite- 
ly  large, Us approaches up . Furthermore,  at  the  group - 
21 
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FIG.3. DEPENDENCE OF STATIONARY  PHASE  FREQUENCY 
ON TIME. 
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velocity  time, tg e L  (I, - , where v 1 
% g = d a p  I ' t h e  - 
d W  w=wo 
significant frequencies are those a t  and near the carrier uA 
U - 
This i s  seen as fo l lows  here: ) % (1 - $ w2 2p ) , 
theref  ore, 
v =  C 
hence 
- L  1 t "  = t o  1 + -  w'p ) 
g ( 2"2 0 g V 
(34) 
Hence, from (33) the frequency which contributes most signi- 
f ican t ly  i s  Thus, the  inequality (31) can be re- 
expressed in  the time domain, using (33) and (351, as  (see 
0 
Appendix IV) 
- - 
where P2 = 4 Thus when we obtain h ( t )  from (22) and 
(4 
then y ( L , t >  from (231, the  solution so obtained w i l l  only be 
va l id  for regions of time  about  he  time tg satisfying (36). 
Thus, the solution obtained will have a frequency 
spectrum given by (31) , representing the time region of (36) . 
If, f o r  example, I t  ,,""I = $j P2 , then (W/W,)*= 1 2 0.20, 
as shown shaded i n  Fig . 3. 
3. Convolution Solution 
Inserting (24) into (22) gives (after changing 
variables from G, - (J0 t o  w' and then  dropping  the 
primes 1 
where 
The resu l t  (38) i s  recognized as the Fourier 
transform of a Gaussian which is i t s e l f  a Gaussian (obtained 
by completing the square and using the complete Fresnel 
f (t) e (39)  
24 
Thus, (37) gives 
Substituting this resu l t  in to  (23) wi th  
where I, denotes imaginary part and realizing the imaginary 
part of (23) should then be taken, gives 
@ f f  ( wo> 
Above the symbol B =+ 
brevity. 
2L has been introduced f o r  
(T- t,)2 
Letting x2 j 4BL I) and using the defini- 
t ions of the complimentary erf Z and erfc  Z functions,  i.e. 
2 erfc 2 3 w I e-x2 dx = 1 - erf Z 
Z 
(43 
then  gives [9] , 
where 
Extracting the imaginary part and simplifying i n  
terms of Fresnel integrals, using the identity [ll] , ( p m  301 
7.3.22) 9 
and the facts that the conjugate of an erf function i s  the 
erf  unction of the  conjugate, and that  both the C(X)  and 
S ( X )  functions are odd, enables one t o  write (44) in  the form 
of Haskell-Case resu l t  
where 
26 
with 
v 
where C(v) 3 cos x2 dx 
2 
V 0 
0 
It remains  to  determine  the  time  range of v a l i -  
dity of the solution (47) . This i s  obtained from (36), which 
expressed i n  terms of the normalization parameter v can be 
written  as 
For  the solar corona-earth path at V.H.F. carriers, 
(47) will be v a l i d  for I v I S 20. 
A universal  plot [12] of the envelope B(v) i s  
shown i n  Fig. 4a, and the phase, 0(v) , i n  F i g .  4b. It is 
noted that v 2 0 corresporids t o  the time t = tg , and that  
for  v = -20 , the amplitude is essentially zero, similarly t o  
the r i g h t  f o r  v =: +2O the amplitude is essentially unity. 
This means that the Sommerfeld, Anterior Transient, and 
Posterior Transient portions of the response of t h i s  extremely 
long ,  s l i g h t l y  dispersive, homogeneous plasma t o  a stepped 
carrier (these portions are lucidly derived in the excellent 
paper by Haskell and Case [12] and are also independently and 
concisely derived i n  Appendix I11 of this report) are of insig- 
nificant magnitude and, as such, the main signal (a l so  called 
the group velocity signal, o r  quasi-monochromatic solution) 
as given by (47) can actually be used t o  describe the signal 
over the entire time region from -00 - t 1 00. (It i s  t o  be 
stressed that t h i s  is not true. in general, since the signal 
a r r ives  a t  time, to , but  due t o  the long path length and 
small , the  signal  here i s  essentially  zero until j u s t  
before the time tg , whereafter i t  b u i l d s  up very quickly t o  
the  steady  state.) This i s  indeed a f o r t u i t o u s  result   since 
P 
a ser ies  of stepped car r ie rs  will be used and the relat ive 
mathematical simplicity of (47) is advantageous, as  will be 
seen. 
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FIG.4b. UNIVSAL CURVE  FOR PHASE OF THE MAIN SIGNAL. 
4. Rise  Time 
From Fig. &a,  it  is  noted  that  the  envelope  builds 
up from a small  value  to  near  unity n a small  increment  about 
v = 0 . Following  Hodara [13] let  us  arrive  at a quantitative 
measure  of  this  rise  time  by  recognizing  that  time  is  the 
derivative  of  phase  with  respect  to  frequency, i.e., let 
where we realize 
from (29). Using 
which  can  be  expressed in terms  of  the  differential  delay 
time, Td , defined  as  the  time  between  the  initial  arrival 
of  the  signal,  to , and  the  group  arrival  time,  tg , i.e. 
which, from 
- 
Td - 
35) , becomes 
2cfE 
is the integrated  columnar  electron  density 
L 
0 
Hence* 
If we now evaluate  the  corresponding value of v 
at t = tg 5 ($/2) , we see  from (50) that in this  rise  time 
period v varies over +v , where - R  
tR Hence  from  Fig.  ka, we see  that in the  time  increment tg 2 
" 
tR to  tg + 2 , the envelope  rises  from  approximately 0.25 to 
0.90. This is similar  to  other  definitions  of rise time [lk] 
* For  an  alternate  derivation of tR,  see  Appendix V. 
5. Distortion Parameter 
Suppose now a single  pulse of duration T i s  
released a t  the transmitter, i.e. 
which i s  seen t o  be the superposition of two stepped carr iers  
of opposite s igns separated i n  time by T . From (47) we can 
immediately write the output pulse as 
A rough sketch of the resulting pulse obtained 
by superposition, (611, is shown i n  Fig .  5. It i s  immediately 
seen that i f  the pulse duration T i s  so small that the 
second stepped car r ie r  comes i n  before the first has b u i l t  up 
(i.e.,  i f  T $1, serious  distortion will begin t o  occur. 
This suggests defining a distor t ion parameter, p , as  some 
rat io  of r i s e  time t o  b i t  (pulse duration) time. For conve- 
nience, we define (since the quantity $ / f l  appears in  the 
development), 
p 2  tR 
T C  
Hence we w i l l  expect serious pulse d i s t o r t i o n  t o  s t a r t  t o  
occur f o r  / near unity or greater. 
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I 
IV. CORRELATION RECEIVER - MEASUFiEMENT OF E( p ) 
a. Transmi-tted C-ode-Correlation Function 
Suppose now a ser ies  of pulses of constant frequency, 
uo, and of fixed duration, T , are turned on  and of f  with 
either Oo or  180' phase (phase shift keyed) . Fur ther ,   l e t  
there be a t o t a l  of N such pulses with any nth pulse 
turned on t o  obey the  following  rule:  (here a +1 denotes 
the phase i s  0' , and a -1 i s  180') 
\ 
where the 6 operator i s  defined by 
le1 =-1  -1 0 +1 = +I 
-1 @-1 = -1 1 @ -1 = +I 
and ] (64) 
If we l e t  N = 127 , the result ing pulse train looks l i k e  
Fig. 6, where only the amplitudes (a negative 1 amplitude 
denotes 180° phase, a plus 1 amplitude 0' phase), are shown. 
Thus, this pulse t r a i n  or code can be written as: 
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FIG. 6. THE 127 BIT PSEUDO RANDOM CODE. 
where Im denotes  imaginary  part, and 
N =127 
If we now compute the auto-correlation function, 
r (x)  , of this transmitted code, defined a s  
where x and w a re  times normalized wi th  respect t o  the b i t  
length, T , one obtains 
The resu l t  r(x> i s  plotted in Fig. 7, and i s  seen t o  have a 
peak of N = 127 , 2 b i t s  wide, and a maximum side lobe of 9. 
This particular code i s  an example of a pseudo random code 
having a well-defined sharp peak. 
b. Received  Code-Correlation  Function 
When the signal (65) i s  propagated through the solar 
corona along a typical  path as  depicted i n  Fig. 2, i t  arr ives  
i n  the form of a superposition of (471, namely 
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FIG.7. AUTO-CORRELATION FUNCTION OF 127 BIT PSEUDO RANDOM CODE. 
L 
n 
We could a t  t h i s  point take the magnitude of (69)  
dd and obtain  the  cross-correlation  function of it with r (x)  . 
However, an easier route to  fo l low i s  that described by 
Pindyck [2] which is, brief ly ,  as  follows: 
As before, we can write: 
- 
where Y(0,w) i s  the  Fourier  transform of (63)  
Inserting (71) into (70) and using the Taylor Series (24) 
for  @(f,J) (which we  now know can be used t o  represent  the 
ou tpu t  f o r  a l l  t imes) ,  normalizing and simplifying gives: 
(See Appendix V I  f o r  details .)  
where a ( t )  i s  a complex amplitude function defined by 
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and i s  slowly  varying compared t o  uo . 
As a check, we note that i f  a single stepped carr ier  
turned on a t  t = 0 i s  considered  (i.e., m ( t )  = l ( t ) )  then 
(72) with (73) reduces t o  (44) (or  (47)) as should be. 
Suppose we now examine the operation of the correla- 
tion receiver as described by Fig. 8. As indicated, the 
incoming signal i s  s p l i t  evenly in to  two channels; mixed 
(multiplied) with s in  uot and cos uot ; respectively, 
passed through a low pass f i l ter ;  mult ipl ied by a replica 
of the transmitted envelope, m ( t  - tc) , delayed i n  time by 
(subscript c f o r  correlation  time);  integrated over  an 
tC 
in f in i te  time period (in practice, over a time period long 
enough t o  bring the signal sufficiently ou t  of the noise will 
suffice),  and displayed on an oscilloscope. The oscilloscope 
screen then w i l l  display a quantity proportional t o  the nor- 
malized cross-correlation  function, y(r) defined by 
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FIG.8 CORRELATION RECEIVER 
r c 
normalized with  respect  to  tho  bit  length, 7 = tc/T , and 
‘I, = tg/T with tg defined by (35) , and  which  becomes 
y(7) = JT 
with 
where r(x) i s  the  auto-correlation  function of the  trans- 
mitted  code  as  given  by (68). 
Inspection of (75) reveals  that y ( r )  i s  even with 
respect  to (y(- r ) = y( r ) )  and  hence = 0 is the 
center of  the  display.  Thus  the  centers of the  correlation 
curves occur at the absolute  time of t C tg , i.e.,  the group 
arrival time. Also, it is seen that y( only contains one 
parameter,  namely  the  distortion  parameter . As w i l l  be 
seen,  the  distortion  parameter, , will vary from slightly 
over  zero  to  approximately 2 Computed  curves of y ( 7 )  
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versus 7 , with f i  as a parameter, are given in Fig. 9. 
The form for  computation follows that outlined by Pindyck [2] 
but an independent program was used, as described i n  Appen- 
dix VIII. If p = 0 , (75) reduces t o  r(x) as should be, 
and as given i n  Appendix VII. (It is noted here that i f  a 
Triple Folded Barker Code i s  used rather than the 127 B i t  
code considered, very similar correlation curves result, as 
shown i n  Appendix X.) 
c. Plasma Diagnostics with Single Carrier 
The curves of F i g .  9 can now be used t o  measure E ( p )  
of the particular path on a given day (the path length, L 
can be considered constant over a day's period and i s  speci- 
f ied  by the normalized o f f  set  distance p = RI /Ro and 8 
by associating the observed shape of the measured y(r) 
curve with the calculated curves of F ig .  9, t o  determine f l  . 
Then from (621, (571, and (58) we get 
Thus since T and fo are  specified, we determine 
from the measured fl  . Then from this value of E(p) we 
can  deduce the radial  number density variation n(r> as w i l l  
be discussed shortly. 
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F16.9 CORRELATION  RECEIVER  OUTPUT RESPONSE--COMPUTED 
d. Plasma Diannostics with Two (or More) Carriers 
Since the deduced value of p ( p )  as  measured off 
the oscilloscope w i l l  degrade with increasing fl  , it  i s  
more accurate t o  determine z ( p )  by using two coded p u l s e  
t ra ins ,  the f i rs t  with carr ier  frequency and the second 
f O l  
With fo2  where fo2 > fol , separated i n  time by Ts (where 
b 2 Ts i s  large enough so the first pulse t r a i n  has completely 
decayed) and measuring, on the receiver scope, the different ia l  
time difference, A T  , between the correlation centers (which 
we know will be peaks f o r  p d 2 ) of these two trains.  
Since  the  centers occur a t  = 0 this time difference is 
which becomes 
Thus, in principle (disregarding noise effects, as will be 
discussed) , the quantity E(p) can be measured as accurately 
as  one can measure time. 
V. OBTAINMENT OF n ( r )  VARIATION FROM KNOWLEDGE OF n(D) 
We have thus shown how, f o r  any given point on the tra- 
jectory, pulsed car r ie rs  can be used t o  determine the average 
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integrated columnar electron  density,  for that par- 
t i cu la r  path. Now, following the ingenious  recognition by 
Harrington [3] one c a n  deduce the actual  n(r)  var ia t ion 
from a continuous  record of measurements of E(p)  as 
follows: 
Consider the geometry a s  defined by Fig. 2, a typical 
propagation  path of length L i s  shown. Now, the  quantity 
we can measure i s  n ( P )  which, from (571, becomes i n  terms 
of various radii  (normalized with respect t o  the radius  of 
the Sun, R, ) : 
- 
Adding  and subtracting  contributions from rS t o  QO and 
rE t o  eo g ives  
where 
Since r E  X 215 , and n ( r )  i s  very  small for rs large,  
it fo l lows  that t o  a first approximation A can be ignored. 
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I 4 
Hence,  to  this  approximation, we have n(r) in  the  form  of 
an Abel  integral  equation: 
P 
which  has  the  known  solution [3] (see  Appendix X) 
Thus,  if  the  quantity z ( P )  is  measured  at  sufficiently 
fine  increments  of .p (say  for  daily  points  along  the  tra- 
jectory) so as to get a smooth  continuous  function, one can 
perform  the  integration  and  differentiation  operation  of (84) 
to determine the n(r) variation. Thus, n(p> and n(r) 
are Abel transforms  of  one  another. 
To account  for  the  fact  that  rs  and rE (especially  the 
former)  are not infinite,  one  could  correct  the  result (84) 
by subtracting  the A term of (82) using  the  n(r)  distri- 
bution  obtained  from (84) in (82). 
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VI. EXAMPLE FOR DIAGNOSTICS USING V.H.F. CAFiRIERS 
To demonstrate what type of correlation curves one can 
anticipate t o  receive, an example a t  V.H.F. carrier frequencies 
with an assumed l/r2 electron density i s  now given. 
A t  any given instant of time along the trajectory (deter- 
mined by solving the mechanics problem), a s  shown in Fig. 10, 
the position of t he  sa t e l l i t e  i s  defined by the angle 9 and 
the  radius Rs . Alternatively, a value of Rl (or p = R L h 0  ) 
and Rs also  specifies  the  location of t he   s a t e l l i t e .  Now, 
from (80) and (56 )  it follows that (renormalizing distance 
with respect t o  RE a 215R0 ) 
R R1 RS e 
RE 
2 
where u = - , U" , and us - - , k =  I- RE I RE 4772 E 
Now, if we assume that   n(r)   var ies   as :  
n ( r )  = - ' electrons/rneter 3 
r2 
which is ,  as  i s  seen from Fig. 1, valid f o r  p 6 , with 
K = 10l2 . Using the  fac t  tha t  
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FIG.10. MOTION OF SOLAR PROBE SATELLITE RELATIVE TO THE EARTH. 
= +- 1 arc  cos (:I , x2* a 2 
a 
(85) gives 
{arc cos & + arc cos (uL) 
Td a (0.4349 K) 7 
"I 
This  result is interesting in that  the  first  quantity in
parentheses  depends only on  the  assumed  electron  density  varia- 
tion ( n(r) = K/r2 ) , the  second  only  on  the  carrier  frequency, 
and  the  third  only  on  the  satellite  location  (assuming  that 
n(r> - l/r2 1. 
Computations  for Td using Fig. 10, made  over  that por- 
tion  of  the  trajectory  shown  and  representing  the  locations 
of  the  satellite  trajectory  between  extreme  values of Rs 
(and p ) , corresponding  to 8 5 O ~  8 S 187' , were  made  and 
are  given in Table I1 and. plotted in Fig. 11, for  fo = 75 mHz. 
The  corresponding  values of rise  time, $ as given by (58) 
are also  shown  here, as well as the  corresponding  value of p . 
It is seen  that  tR  varies  from  approximately 2 to 25 flsec: 
as 9 varies from 85' t o  179' . 
If now [l] a bit  length  of T = 25.6 Bsec is used 
(causing NT = 3.2512 millisecs 1, it is  seen  that f i  
) will  vary from slightly  over zero to  approxi- 
I 
mately two for  the  trajectory  range of 85' 5 9 5 179+' 
TABLE 11. 
TABULATIONS OF Td tR AND p FOR SINGLE  CARRIER FREQUENCY (f, = 75 M H Z )  
AND A T  FOR DUAL CARRIER  FREQUENCY (f, 3 70 AND 80 MHz) 
~ ~ _ _ _  
85.0 
97.5 
113 . 0 
13b.O 
153 0 
164.0 
173 5 
178 . 0 
179.0 
180 . 0 
181.0 
187.0 
184.0 
- 
P 
154.2 
120.0 
91 93 
63.77 
40 . 03 
25.21 
11 . 86 
2.22 
0 
2.22 
8.90 
14 . 83 
4-45 
7172 
:2% 
,2966 
,1862 
,1172 
,02068 
, 01034 
,02068 
06897 
B 
0 
04137 
Td 
MILLI- 
SECS . 4 SEC, % P  
AT 
MILLI- 
SECS . TIMES i 1 
Af 
S BAND 
MHz 
selected, as also tabulated' in Table I1 and plotted in Fig. 11. 
Actually p will be in f in i t e  a t  9 = 180' , so  the  value 
p = 2 will be reached for  9 sl ight ly  over 179'. Hence, 
the computed y( r )  correlation curves of Fig. 9 will apply 
t o  this case. A t  a given carrier, measured curves of y( 2') 
should then be compared with those of Fig. 9 t o  see if indeed 
they can be matched, thus validating the assumed plasma 
density assumption of n ( r )  = K/r2 . Various  values of K 
can be taken until a closer match i s  obtained. 
Now, i f  several pulse trains, each a t  a different  f re-  
quency are used, and i f  a spacing between pulse trains of 
T, = 1 second is used, this i s  more than ample t o  insure 
that the correlation curves are well separated. In the 
proposed scheme [l] the difference in  different ia l  time, 
AT , between the 70 and 80 mHz correlation curve  centers 
i s  t o  be measured. From (79) and (77) , it  fol lows that  this 
time (now denoted by  AT^^ ) can be expressed  as: 
where j1 is  the 1 value measured a t  fol = 70 mHz 
I20 - 24 
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FIG. II. DEPENDENCE OF SINGLE FREQUENCY RISE TIME, DELAY 
TIME, AND DISTORTION PARAMETER, AND DUAL FREQUENCY 
DIFFERENTIAL DELAY TIME ON  TRAJECTORY. 
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and fo = 80 mHz ; hence since T , f , and f are 
held constant, It follows that AT* - . A plot of 3 O1 O3 
AT13 versus t ra jectory angle is  also shown in F i g ,  11, and 
tabulated in Table 11, and it is seen that  AT* varies 
between approximately 0.04 and 6.4 millisecs, These time 
differences can be measured quite readily, hence allowing 
experimental  determination of f l  or . Here again 
various  values of K can be put into the assumed n(r) = K/r 
re la t ion  t o  obtain various theoretical values of f i  until 
closer agreement with experiment i s  realized. In this nay 
K can be determined. (The effect  of noise and the consequent 
error in the AT measurement will be discussed i n  what 
2 
follows 0 ) 
Thus, by measuring either the shape of y (  r) a t  a 
single carrier frequency, or the different ia l  time separation 
of the centers of the y ( r >  curves a t  two carr iers ,  one can 
determine  a measured value of and compare i t  with those 
predicted i n  F i g .  11. If the  values of K can be 
found t o  match these two, and K i s  relatively constant 
with respect t o  sa te l l i t e  t ra jec tory ,  this would then veri- 
f y  the validity of the n(r> = K/r2 assumption. 
VII. EFFECTS OF NOISE ON MEASlXEKENT ACCURACY 
a. R.M.S. Error  i n  Location Time of Correlation Peak -- 
Heuristic Derivation 
In the preceding, the output normalized correlation 
function, y(r) , was determined and  computed as  a function 
of the normalized correlation time ( T.: tc tg) with the 
dis tor t ion parameter, p , as a parameter. Curves of y(  T) 
are given in Fig. 9. These curves would be those observed i n  
the absence of noise for an in f in i t e  bandwidth receiver. In 
real i ty  nei ther  of these ideals exist  and th i s  will resu l t  i n  
errors in the measurement accuracy of f i  and hence the inte- 
grated plasma, integrated  electron  density, n ( p )  . 
i 
,', 
- 
The effect  of noise i s  depicted i n  Fig. 12 which 
shows that the peak can be displaced from i t s  no noise posi- 
tion. Now, t o  locate  the  position of the m a x i m u m  peak, To , 
(here 2, = 0 in  the absence of noise) one can tune  the 
receiver t o  some arbi t rary but  ident ical  level  on each side of 
the peak (since the peak w i l l  be  more d i f f i c u l t  t o  locate 
especially f o r  larger p I s  where it is. very  round)  say a t  
positions rr and 7; (only is  shown i n  Fig. 121, 
and obtain To a s  
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FIG. 12. EFFECT OF NOISE ON LOCATION OF PEAK CORRELATION 
OUTPUT. 
However, due t o  the  noise, Ts i s  actually dis-  
placed by some amount, say A T  , and the correlation func- 
t i on  rather than being y( Ts) i s  y(  r,) + N2( 7,) 
(recognizing that the correlation function i s  rea l ly  a power 
ent i ty) .  Now f o r  a large signal t o  noise ratio at  the output 
of the receiver, we can anticipate that the shape or rates 
of change of y(T> w i l l  not change too much 15 with o r  
without  noise, hence equating the slope of y ( r )  with and 
without noise gives, as  seen from Fig. 1 2  
I3 
Now i f  we take 7 ;  small then we recognize from the curves 
of Fig. 9 and associated computed values of y(r) as a 
function of that  near equal zero we can write 
where 
7 =  0 
(93 
and k depends on 1 in  the manner shown i n  Table I11 and 
plotted in Fig. 13, as  obtained from F ig .  9 and the computed 
values (see Appendix XI for  de ta i l s ) .  
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TABU3 111. THE FACTOR k FOR CORRELATION OUTPUT CmVESe 
0 
0.05 
0.10 
0.15 
0.25 
0.40 
0.75 
1.00 
1.25 
1.40 
1.75 
2.00 
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3.00 
1 
2k 
- 
0 
0 128 
0 . 143 
0.167 
0 . 2083 
0 . 2632 
0 . 4348 
0.667 
1.59 
2.50 
4.17 
5.00 
10.00 
20.00 
But from (92) and the fact that y ' ( r )  1 = y'(O)= 0 I-= 0 
bince the top of the peak f o r  no noise present is a smooth c w v e  
f o r  f l  finite) gives  
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FIG. 13. DEPENDENCE OF THE FACTOR k ON THE 
DISTORTION  PARAMETER, 
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hence since yfl( T ) is independent of , 
i.e. 
Hence from (92)  
Hence from (91) the  rror A 7  is 
But is arbi t rary,  hence if we choose it  equal t o  -AT 
we obtain 
Integrating t o  obtain the mean square o r  R.M.S. error then 
gives 
60 
But yo/No i s  the output (power) signal t o  noise r a t io ,  
hence l e t t i ng  yo 5= So 
But from (96) 
= + -  1 2k 
This is the sought relationship and since we know the depen- 
dence of k on p via Table I11 or Fig. 13, we can obtain a 
p l o t  of ($)out(Ar)2 versus , as shown i n  F ig .  14. 
Hence, from Fig .  14 f o r  a given sa te l l i t e  loca t ion  on the 
trajectory,  i .e. ,  a given f i  , and for a known ou tpu t  signal 
t o  noise power ratio, the R.M.S.  error in the correlation 
i 
"i $1 
peak can be determined. 
It remains t o  determine the ultimate error i n  average 
electron density and to  r e l a t e  i t  t o  the ou tpu t  t o  input s ig -  
nal  t o  noise ratio.  
b. R a  Electron Density Measurement 
Suppose we  no  relate  he  error ( t o  the 
error in the integrated columnar e lec t ron  dens i ty ,  n (p)  . 
From (791, l e t t i ng  A T  = Tp (different ia l  time between peaks) 
- 
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.. .. 
the percentage error made i n  determining n is equal t o  that  
made i n  measuring T p  , i.e. 
- 
where rp = r $ T  
Now, the  error   in  measuring ‘It is  the composite P 
of the error made in locating the correlation peak a t   t h e  
f irst  car r ie r ,  A Z and error made in  locating  the  corre- 
la t ion  peak a t  the second car r ie r ,  A . These errors can 
be found from Fig .  14 and, f o r  a given (So/No)out depend 
only on f l  . But from (62) , (58) , and (56) we can write 
1 ’  
2 
That is ,  the  higher  frequency, f (fo * f ) has the 
O 2  A 2 O1 
lower and the  smaller  error f o r  a fixed b i t  length and 
output signal t o  noise ratio.  
The, total  R.M.S. error made, A T  i s  the  square P ’  
r o o t  of the sum of the squares, o r  
and since fol/fo2 1 , the second quantity i s  bounded by 
unity, hence 
For simplicity we will take the errors as equal and write: 
Now, using (89)  t o  determine TP 
(where f now replaces fo2 ) we can then write,  after 
multiplying both sides of (103) by (So/No)out using (107), 
and taking the R.M.S. of both  sides 
O3 
Using the p l o t  of Fig. 14 or  Table I11 t o  obtain the product 
of ( and using (108) t o  obtain ( %)2 , which 
for f = 70 mHz , and f = 80 mHz with T = 25.6 b s e c  
i s  
O1 O3 
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we obtain  the  percent squared R.M.S. error in as plotted 
i n  Fig. 15, and tabulated in Table IV. 
Fig. 15 reveals that  f o r  So/No E l 0  that  the m a x i -  
mum percent R.M.S. error made i n  measuring n i s  l e s s  than 
5s for  all 0.08 . This i s  indeed an  acceptably  small 
percentage error. In what follows we will see how an output  
signal t o  noise ratio of 10 or more can be realized. 
- 
c. Determination of Output SiPnal t o  Noise Ratio 
B 
ii It can be shown (pp. 422 and 912) [l6] that 
I 
'I . 
the correlation receiver of F i g .  8 ac t s   l i ke  a matched f i l t e r  
detector. The l a t t e r  has the property that the maximum peak 
signal t o  noise power r a t io ,  (So/No)out , i s  equal t o  twice 
'the r a t i o  of the energy contained in the input signal/input 
noise power per cycle of bandwidth, EIN/NIN , i .e. 
(5) No outmax = 2($) 
where 
EIN Peak Input Energy (Joules) a t  Antenna Terminals 
P 
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FIG. 15. SQUARE OF PERCENT ERROR IN MEASUREMENT OF INTEGRATED 
COLUMNAR ELECTRON DENSITY FOR DUAL FREQUENCY (70 AND 
80 MHZ.) EXPERIMENT. 
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'I 
N I N  = Noise Energy 
= Noise Power per Cycle of Bandwidth = K T I  (113) 
Effective Collecting Area of Receiving Antenna 
47r 
Distance from Transmitter (Satellite) t o  
Receiver (Earth) 
Peak Transmitter Power, Watts 
Duration of Coded Pulse  Train of PT Peak Power 
(N = 127 , T = 25.6 4 sec) 
Gain of Transmitting Antenna 
Gain of Receiving Antenna 
Boltzman's Constant = 1.37 Joules/Degree  Kelvin 
Total Input Noise Temperature of Receiver 
T A +  T, , Degrees  Kelvin 
Effective Noise Temperature of Antenna, Degrees Kelvin 
Effective Noise Temperature of F i r s t  R.F. Stage 
of Receiver, Degrees Kelvin 
1. Received Signal Energy, EIN 
For PT = 2,000 watts N 127 , T = 25.6 k s e c  , 
fo = 75 mHz ( A  = 4 meters) , GT = 1 , and a 50 Db. 
receiving antenna gain (GR = 10 5 ) , and using the geometry 
of Fig. 10 t o  obtain R as a function of 9 , the variation 
of  EIN(~) is as  given  in Table V. 
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TABLE V. 
COMPUTATIONS OF INPUT ENERGY I;EvELS (T = 2650'K) 
eo EIN 
N I N  
The received noise energy, NxN , a t  t h e  antenna 
terminals, if we consider that this energy w i l l  be passed 
through the first R.F. stage and associated antenna network 
having an effective noise temperature Te , is given by (113). 
P l o t s  of antenna noise temperature 1171 , TA , 
~~ 
are shown i n  Figs. 16a and 16b and also 
The receiver front end noise  temperature , Te , 
i s  usually expressed i n  terms of the noise factor (o r  noise 
figure i f  expressed in  decibels) ,  FN , by FN = 1 -b (Te/To) 
where To= 29O0K ; for  example, i f  Te = 290% , FN = 2 
o r  a 3 Db. noise figure. Receivers can be b u i l t  with noise 
temperatures a s  low a s  30°K f o r  parametric  amplifiers and 
essentially a few degrees Kelvin f o r  maser amplifiers in the 
microwave region [17], and some typical  resul ts  [18] are 
shown in Fig.  18. For  operation in  the V.H.F. region of 
70 o r  80 mHz, a value of Te of 850°K (i.e. a noise figure 
of about 6 Db.) (the assumed M.I.T. value) i s  seen t o  be  more 
than reasonable ( i f  we extrapolate the transistor cwves 
of F ig .  18 down t o  75 mHz) . 
From Fig. 16 (o r  an extrapolation of Fig. 17) we 
see that an antenna noise temperature of TA = 1,800°K i s  an 
average  type  value a t  75 mHz (although it can go as h i g h  as 
s l i g h t l y  over  10,OOO°K under severe cosmic noise  conditions). 
Thus taking TA = 1,800°K , TE = 85OoK , we get 
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From the r e su l t s  of Table V, f o r  EIN , and 
(114) f o r  N I N  we can then determine the input energy signal 
t o  noise  ra t io ,  EIN/NIN , as a function of trajectory 
angle, 9 , or the  corresponding  distortion  parameter, p , 
which depends on 9 ( fo r  fo2 = 75 mHz and T = 25.6 b s e c )  
as shown i n  Fig. 11. The r e su l t  i s  also tabulated in Table V 
and shows that E I N / N ~ N  3 22 (i.e. 10 loglo EIN/NIN 2 13.5 Db.) 
over the entire trajectory considered. 
Hence, from (111) we see that the m a x i m u m  
(So/No)out i s  at l eas t  4-4 . Thus, assuming the  correlation 
receiver can be b u i l t  properly, it certainly i s  reasonable 
t o  assume that (So/No)out 2 10. Hence, from Fig. 15, as  
previously noted, the corresponding accuracy with which the 
integrated electron density can be measured will be a t   l e a s t  
5% f o r  a l l  p k 0.08. This i s  indeed satisfactory.  
d. Selection of.Receiver Front End Bandwidth 
The designer of the receiver must real ize  that  the 
front end bandwidth, B , must be great enough t o  pass the 
signal with l i t t l e   d i s t o r t i o n .  However, as  B is increased 
the input noise power, = KTIB, increases  degrading 
the inpu t  signal t o  noise power rat io .  As this r a t i o  i s  
decreased more correlation must be performed by the receiver 
NOIN 
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to  extract  the  signal  from  the  noise.  This  correlation  re- 
quires  more  circuitry  and  hence  more  expense.  This  aspect 
is  considered in detail  in  Appendix XII. In any case,  the 
output  signal  to  noise  power  ratio  can  be  made  to  exceed 10. 
e. Effect  pf  Antenna.  agd.  Transmission  Line,  Etc. 
Bandwidths 
If the  bandwidths  of  the  antenna,  transmission  line, 
and  associated  connectors,  etc.,  at  both  the  receiving  and 
transmitting  end  of  tne  path  are  made  mucn  greater  tnan  the 
rise  time  bandwidth, % , as  plotted in Fig. XII-1 of 
Appendix X I I ,  then  little  additional  distortion w i l l  occur. 
The maximum is about 75 kHz, hence for a carrier of 
75 mHz, this  represents a percentage  bandwidth (100 %/fo) 
of  about O.l$. Certainly  it  is  reasonable  to  expect  that 
both  antennas  can  be  designed  to  have  their  impedance,  and 
radiation  characteristics  flat  over  this  percentage  bandwidth, 
similarly  for  the  bandwidth  of  the  transmission  lines  and 
associated  connectors. 
Thus the  main  problem in the  antennas'  bandwidth 
is  (as in the  front  end  receiver  characteristic)  to  determine 
what  small  compensation  should  be  made in the  measured  corre- 
lation  curves  due  to  their'  finite  bandwidth,  this  compensation 
decreasing  with  increasing  bandwidth  above % ; the  actual 
1 factor will be  smaller  than  that  measured  by  the  receiver 
due  to  the  finite  bandwidth. 
I 
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VIII. CONCLUSIONS AND RECO"j$N&)D-IONS 
From the preceding, the following main conclusions are 
made : 
(1) The proposed dual frequency (70 and 80 mHz) 
propagation experiment t o  measure the solar corona electron 
density variation, n(r)  , by measuring the different ia l  time 
difference, h T , between the correlation peaks of coded 
pulse t ra ins  a t  these  two frequencies, i s  conceptually valid. 
(2) Specifically,  from a measurement  of A T  , one 
determines E(p) from (79)  , and n ( r )  from (84). 
(3) The percent R.M.S. error made i n  measuring E ( p )  
(and hence n ( r )  ) i s  l e s s  than 5% f o r  a l l  values of the 
dis tor t ion parameter, , such that  / Z 0.08 (corresponding 
t o  a sa te l l i t e  loca t ion  from inferior conjunction t o  superior 
conjunction) provided the receiver output  signal t o  noise 
power r a t i o  , (So/No)out , i s  such that  (So/No)out R 10. 
The error dependence on f i  i s  given in Fig. 15. 
(4) However, t o  pract ical ly  real ize  the performance of 
the experiment requires two s t a t e  of t he  a r t  engineering 
efforts: the design and construction of the 50 Db. gain 
receiving antenna a t  70 and 80 mHz,  and the design and con- 
struction of the correlation receiver which must provide a 
high (So/No) out with a low -125 DBM, as dis- 
cussed i n  Appendix X I I .  
I -  
Some.suaDlementar:~-nclusions and  recommendations  are; 
(5) The  actual  pseudo  random  code  used, as long  as  it 
is sharply  peaked, is  not  critical s far  as the  shape ,of 
received  output  correlation  curves i concerned, as shown 
in Appendix IX. 
(6) The  effect  of  the  ionosphere  is t o  slightly  increase 
the  distortion  parameter,  (Appendix XIII). 
(7) The effects of refraction of the  solar  corona  are 
too small to  be  ascertained by standard  computational- 
graphical  methods,  (Appendix XIV). 
(8) It is recommended  that  prior  to  performing an actual 
solar experiment,  that a waveguide  simulation  experiment  simi- 
lar to  that  discussed in Appendix XV be  performed.  This 
experiment could be done at  relatively low cost  and  be  used 
to both  ascertain  the  validity of the  method and to  calibrate 
the  receiver  system. 
( 9 )  The communication  bandwidth of the  solar  corona  at 
S-Band is  large enough to handle quality T . V .  signals 
(Appendix XVI) 
(10) The dual frequency  experiment can be performed at 
S-X Band.. This  experiment  has  the  advantage of using  existing 
(or  modification of existing)  antenna  sites and of introducing 
a smaller  noise  error  compared t o  the V.H.F. case.  However, 
it has the  disadvantage, for similar  power levels, of requiring 
larger  correlation codes requiring a more complex  correlation 
receiver than for V.H.F. (Appendix XVII). 
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(10) Both A.M. and N.B.F.M. can be  used to modulate  a 
continuous wave carrier  to  diagnose a plasma (Appendix XVIII) . 
Schemes of this  type  may be worthwhile  to  investigate  for 
solar corona diagnostics. 
APPENDIX I 
SOLUTION TO WAVE EQUATION 
IN SLIGHTLY NONHOMOGENEOUS SOLAR ~ 0 ~ 0 ~ 4  
Consider 
Suppose we write 
r s 
where v(x)  i s  as yet unknown, then ( lett ing v f  = as 
s 
and (1) becomes 
j v '  + v2 = +p;(& 
which i s  the Ricatti equation. 
Suppose now that f l  'p( 5)  i s  a constant = 4: , then 
v has the  solution vo 
vo = + P o  ( 5 )  
(we ignore  the backward wave vo = -Bo solution  here) and, 
therefore, 
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Hence, if Bp is not constant but is slowly varying (as will 
be defined) , we would expect that 
0 
(7) 
may be a good approximation. 
Let's see if this is so. From (4) 
which if (7) holds becomes 
v = +  y- = 
vO 
Expanding 
therefore, i f  
we see that v = vo w i l l  be a good solution. 
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Now, from (7) 
Her e 
B ,  = - GI C 
Hence, the  inequality (11) becomes: 
Now, the llwavelengthll i n  the media i s  
A =  - A V
n 
and since a 271' x a (e) , where 9 = - (14) can be 
expressed as: 
(15) 
i.e., if / changes by a small  amount in a distance of a 
wavelength, then (7) will be valid. 
In terms of the dielectric constant variation per wave- 
length, this  becomes 
and 
Now, f rom Fig. 1 of the text it is seen that  f o r  
3 s 5 215 , f p  mm * 5 mHz. As such, ( f p / f ) 2 C * l  w i l l  
hold i f  f = I 5  mHz, i.e., if A v  d 20 meters. Thus since, 
where f is in cycles. But ,  
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and since Ro 6.96 10 a meters  then f o r  f 1 5  mHz, 
since  the change of Cr along the  path, 5 , i s  even less 
than  that along the  radial  distance, R . Hence (17) certain- 
l y  i s  sa t i s f ied  f o r  3 d r 5 215 and f ? 15 m b .  
Therefore, (1) has the  solution: 
1: 
transmitter). This i s  a form of a W.K.B. solution. [19] 
11 

APPENDIX I1 
OUTPUT CONTRIBUTION AT LOWER FREQUENCIES 
From (18) of the 
the lower frequencies 
text ,  we have that the contribution at 
-w m 
where \y(L,#)  i s  the  solution (which is not known) t o  
(1) of the t e x t   a t  = L , and Po i s  the  input  transform 
of (7) of the text,  which is, from ( 5 )  of Appendix 111 
W go - I 0 
m w 2  0 - w2> 
Now, we note that f o r  any steady s t a t e  frequency, G/ , 
the effect  of the plasma will be a pure phase shift i f  
w * w and w i l l  be both a phase shift and attenuation if 
t/ c W , in either case the magnitude of the steady state 
component will then not exceed i t s  input value, i.e. 
h 
P 
A 
P 
max 
Id 
Hence, from (1) 
A 
and hence from (2) and W, = 3 0 ,  
A 
Now for a carr ier  of V.H.F. (say 70 mc.) o r  higher, fo r  
A 
a solar distance of p 3 , f X 5 mc. hence 
(the inequality improving with increasing carrier frequency). 
Hence the low frequency contribution i s  neglected compared t o  
the higher frequency contributions. 
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APPENDIX I11 
A- CONCISE REVIEW OF THE P R O P A G D I O N  
OF. A STEPPED CARRIER WAVE THROUGH A HOMOGENEOUS PLASMA+ 
A t  any distance, L , down the plasma the output is: 
where 
Let the input a t  L = 0 be a stepped carr ier  
Hence* 
*It i s  noted here that an exact solution t o  this problem has 
been obtained (Rubinowicz [20] , Gajewski [21] , Knop [22] , i n  
the form of a Convergent Series of Bessel functions; however, 
for path lengths much greater than a f ree  space wavelength, 
the series converges  too slowly t o  be useful. Hence, the 
asymptotic solutions reviewed here must be used. 
* I t  i s  recognized tha t ,  s t r i c t ly  speaking, the Fourier Trans- 
form of l ( t)  s in  W0t does  not exis t ,  bu t  this i s  overcome 
by introducing a damping factor e , a * 0 , and then 
l e t t i ng  a become a rb i t r a r i l y  small i n  the r e su l t  f o r  ei(W>. 
-at - 
where 
For y not  near 21 , A(y) i s  su f f i c i en t ly   r egu la r ,  
and hence f o r  l a r g e  7 ( '1'00 ) the  method of s ta t ionary  
phase [23, 241 g i v e s  ( for  f I! (y,) # 0 1, 
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I -  
P p  
yS 
= +  
- 
Hence 
n I 
i.e., there are two stationary phase points, their sum, ( 8 ) ,  
g i v i n g  
I 
which can be cas t  i n  the form of a known inverse Laplace Trans- 
form (253 of x- ’ {  e-Sto [ where b = G t O  2 , hence 
one obtains the Sommerfeld r e s u l t  
where u = 2P 7 ( p  - 1) . 2 2  
Now as the  point, ys nears  unity,  the main signal 
solution i s  v a l i d  since there we expanded about w = Wo 
(i.e.,  about y = 1 ). This corresponds t o  the  time 
. Then as y, passes through un i ty  
and approaches zero, the pole contribution at ys = 2 1 
(i.e. ,  the steady state solution, sin [ 7 (P - d D  )J , 
comes i n  which then has added t o  it the stationary phase 
contribution f o r  ys * 1  as again  given by (12);  the SLUU of 
these two is referred t o  as the Posterior Transient. 
Thus i n  summary the solution ( f o r  large 7 ) can be 
broken down into four regions of time as fol lows:  
Sommerfeld Solution = (14) , p 4 1  
Anterior  Transient  Solution = (12) , 1 < p < p  
g 
Main Signal Solution = (47) of Text, 
( Poster ior  Transient ;I Steady  State +(12) , p c coo g p  
(15) 
A more thorough coverage of the  sp l i t t ing  up of the solution 
i n  this manner is given in  the excel lent  paper by Haskell 
and Case. [12] 
It i s  t o  be stressed here, however, that  as shown in  the  
tex t  the  main signal solution i s  valid f o r ,  essent ia l ly ,  a l l  
times since i t s  amplitude is essent ia l ly  zero in  the regions 
of time of p e 1 , the Sommerfeld and Anterior Transient 
Solutions, and i s  essentially unity in the Posterior Transient 
Solution.  Stating  the same resu l t   in   o ther  words: Sommer- 
feld, Anterior Transient, and the transient portion of the 
Posterior Transient Solution have, in  the solar  plasma case, 
essentially, zero amplitude. 
Hence 
@,(P 3 fi)) I e Main Signal  Solution -09 sp Sa0 
(16) 
Solar Case 

APPENDIX I V  
PROOF OF I t  - tg(  e e top2 
- 
But from (33) of the  text  
hence 
- 
P2 2 -  - 
ys 2<p - 
Therefore,  using (3) 
(4) 
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i.e. 
But, from (35) of the text  
- 
t - to = I top* 
g 2 
Sub t rac t ing  (7) and (8) 
i.e. 
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APPENDIX V 
ALTERNATE D E R I V A T I O N  OF RISE TIME 
Another way to  derive t R  i s  t o  realize that the fre- 
quency range, Af , represented by the signal as the time 
changes from tg - ($/2) t o  tg .+ ($/2) , i s  governed by 
(33) of the text. This equation can be written as: 
Now, when t = tg we know G/ = dd, therefore 
t,P2 
(t, - to) = - 
2 
tR = top 2 - Aw w 
0 
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- 
which is ident ica l  t o  (58) of the text.  
Thus, the  def ini t ions of r i s e  time i n  terms of r a t e  of 
change of phase o r  i n  terms of the reciprocal of the f re-  
quency interval required t o  represent t h i s  time change are  
equivalent. 
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APPENDIX V I  
SIMPLIFICATION OF y ( L , t )  EXPRESSION 121 
We have 
b u t  
9-50 
Let 
therefore, 
Interchanging the order of integration, and l e t t i n g  
R = (,J - uo , and noting that flF(wo) C 0 , gives 
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therefore,. 
and 
hence 
r- 
Y (L, t) 
But  
09 
-09 *S 
Letting 
dt 
then gives 
tg = p;(wo)L 
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(recalling that 
Shortening 
carrier g i v e s  
# ( U  = ut - &WIL 1. 
the notation into a complex amplitude and a 
where 
100 
I -  - 
APPENDIX V I 1  
CORRELATION RECEIVER OUTPUT 121 
Referring t o  Fig. 8, it follows that  the sine chamel 
first gives,  denoting Y ( L , t )  by e ( t )  = %(act). 
a ( t )  a,(t) + j a i ( t )  
which when passed through the L.P.F. (eliminating the 
s in  2Wot terms) 
a r ( t >  
eL.P. (t)  = 2 
Multiplying by m ( t  - tc) and integrating  gives 
"bo 
Similarly,  the cosine channel gives 
'0 
Squaring and adding gives the correlation output ,  Y ( t c )  
101 
I 
where 
R ( t c )  = a ( t >  m ( t  - t c ) d t  
'CIO 
But here (Appendix VI) 
Therefore,  substituting ( 7 )  i n to  (61, reversing  the  order 
of integration and l e t t i n g  ti = t - tg , gives 
C 
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Hence (dropping the primes on t, 
normalizing  times with respect to the b i t  length, T , i . e .  
let a t , /T  , = tg /T p = $/<flT> , g i v e s ,  
after'  letting v = f l u  , the normalized cross-correlation 
rg 
out put 
y( Z) = 
where 
y ( Z )  = 
T 
M I 
r(x)  I sin [$ ($I2] dv 
'0 x = 7+ v 
w i t h  
- -  'I 
where 
P =  tR 
T C  
We note  for  the N b i t  code discussed in the text,  the 
limits of x need only  range from -N 5 x 5 N , hence v 
w i l l  vary from -(N 4= 7) t o  +(N - r )  i n  (13) and (14). 
Also we note 
which for* r 4 N becomes 
*We note  that  f o r  r* N and f l =  0 , Ic(r) = I,(r) = 0 since 
upper and lower limits of these integrals  both  become - ~ b  ; 
therefore y( 2) S 0 f o r  * N and B =  0 which i s  also 
what r ( Z )  is ,  hence y ( 7 )  = r(r) f o r  a l l  f o r  
p = o .  
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which i s  as  should be since f o r  no distortion the cross- 
correlation becomes the auto-correlation. 
r (x )  = (akx + bk) k f x f k + 1 , k = integer 
(21) 
where ak and bk are  constants f o r  each kth interval,  bu t  
vary for  each interval,  as  can be obtained from a p l o t  of 
r (x) , o r  from (68) of the text. 
From (211, we must cal l  the interval  between x = 0 and 
x = 1 the Oth interval,  i t  -follows that since r(-x) = r (x> 
we must then choose 
-a - a  - 
(k - 1) -k 
b = b  
(k - 1) -k 
Substituting (11 in to  (11) 
Performing the  integration over v by performing over each 
kth interval (noting that v = x - 7) and then summing 
over a l l  intervals 
Recognizing the f i r s t  integration as an exact one, and the 
second as cosine and sine Fresnel integrals since 
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B 
gives 
k + 1  - r  u =  P 
Separating into r e a l  and imaginary parts and simplifying 
where 
But we  now note that since y ( - r )  = y(z) , therefore, 
replacing by -% i n  (29) and (30) g i v e s  (28) where 
now 
f 
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~ "" . .. .. 
I 
Check Case of = o  
- .  
Suppose we l e t  p+ 0 ; examination of (29) and (30) 
shows that the f irst  terms vinish with = 0 and that  if  
k * then both and k + l  - r  will approach +- 7
and since C(-) = & then P k ( f )  = 0 . Similarly, f o r  
k * Z, Q k ( Z )  = 0 
However, i f  k 4 and k + 1 * i.e. i f  k 4 r e  k t  1 
then k+l -7++cm, -' I)- 00 and hence since rB B 
which i s  as i t  should be. 

APPENDIX VI11 
E K E d U M ” N G  OF CORRELATION FUNCTION 
Computer  Program for  Computing y ( 7 )  
The program described here i s  a FORTRAN (level G )  program 
written f o r  the IBM S/360 Computer. Nearly a l l  i n t e r n a l  com- 
puting by th i s  program i s  done i n  double precision floating 
point form. 
The main functions of the program are  t o  compute: 
(i) a table of auxiliary  quantities: mk , rk , ak , bk; 
(ii) y ( r )  f o r  the  values of p and specified 
by the input. 
The  amount  and type of printed output  t o  be produced by 
the program i s  determined by a write-flag, denoted by I361, 
whose value i s  specified as an inpu t  quantity. 
BLOCK DIAGRAM OF THE PROGRAM 
Read the 
r i te   cont ro l  
111 
I 
YES ( = )  Write the computed table o f '  
k, mk, 'k, ak, bk . . . . . " 
Write input  data: 
Write the heading 
for the table of 
7i, y( Ti) 
Compute SUBROUTINE:. F'RESNJ, 
I n t e g r a l s  C (x> and 
f o r  a given x- 
ye-Y ( 7,) +'Compute Fresne l  
600 I Q 
TAU * FTAU 
4+ 
11-1 + JJ-ATAU-TAV t D E T ~  
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Inrut Data 
Card #I (Format: 11) 
IWRC-Write Control Flag 
= 0 for standard output  only (I, y( Ti>); 
= 1 for standard output  and the table of 
i 
mk, rk9 ak, bk; 
3 2 for standard output  and intermediate 
resul ts  in  the computation of each y ( r i )  . 
Card #2 (Format: 4G10.0) 
BETA+ 
TAU + ro ( = i n i t i a l  
DELT 647 
FTAU + ZF ( = f i n a l  Z) 
Sample Out p u t  
Sample o u t p u t ,  obtained by using IWR = 0 , and the 
l i s t ing  of the source program are attached a t  t he  end of this 
appendix. 
Computational Method 
For / 2 0 , se t  y ( 7 )  = r ( r )  For # 0 the 
so-called Method I1 i s  used. This method depends on Fresnel 
integrals 
I 
X 
0 
and 
X 
S(x)  f s i n  (F u ) du 7 7 2  
0 
For x * 100 the method described [ll] , (p. 324) i s  
used. For x 100 , the method developed by J. Boersma [26] 
i s  used. The l a t t e r  method i s  a special case of the 
r-Method of Lanczos. 
According t o  i t s  au thor ,  the maximum er ror  in  the  
Boersma's technique i s  4 1.6 x low9 . Intensive  numerical 
testing tends t o  indicate  that  the maximum error i n  the other 
method, f o r  x * 100 , i s  in the order of magnitude of lom8 . 
Print  Outs 
For the sake of completeness the print o u t s  of the 
f l  = 0 results are given in  Table VIII-1, i.e., the auto- 
correlation  results f o r  (66) of the text,  where the x(n> are 
defined by (63) and (64) . 
The y ( r )  r e s u l t s  f o r  * 0 are  not  tabulated  here, 
bu t  are  plot ted in  Fig.  9 of the text.  
TABLE VIII-1. 
AUTO-CORRELATION COEFFICIENTS (ak AND bk) 
AND AUTO-CORRELATION FUNCTION, rk, 
FOR N 127 PSEUDO RANDOM CODE 
I 
TABLE VIII-1. 
(CONTINUED) 
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. . .. . 
TABLE VIII-1. 
(CONTINUED) 
ak bk 
k 
1 1 5  
1 1 6  
1 1 7  
1 1 5  
1 1'2 
1 7 7  
1 2 1  
1 3 ?  
1 ? 3  
1 2 4  
1 7 5  
1 7 0  
1 2 7  
TABLE VIII-1. 
(CONTINUED) 
ak bk 
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APPENDIX IX. 
THE - .~ TRIPLE FOLDED BAFiKER CODE 
To show that the shape of the dis tor ted cross-correlat ion 
curves are no t  c r i t i c a l l y  dependent on the  de ta i led  na ture  of 
the auto-correlat ion input ,  r(x) , (provided it has a s h a r p  
well-defined peak), we consider the case of an 11 B i t ,  t r i p l e  
folded, Barker code. 
T h i s  code cons is t s  of an 11 b i t  code, x(n)  , defined by 
x(n> =Z 
1 
-1 
1 
-1 
1 
-1 
0 
1 
1 
-1 
1 
-1 
0 = d  
with 
The auto-correlation function of t h i s  code then i s  
121 - x 
r (x )  = 1 x(n) A(n> x(n + x)  A(n + x> 
n = l  
which gives 
x = even integer 
x = odd integer ' ( 5 )  
Thus it resembles the r(x) of the 127 b i t  pseudo random code 
except i t s  peak i s  1 2 1  and a l l  i t s  lobes are p l u s  unity.  A 
sketch of it i s  shown i n  Fig. "1. 
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FIG. IX- I .  AUTO CORRELATION FUNCTION OF TRIPLE FOLDED BARKER CODE. X” 
Computation of y( T )  
To compute the received cross-correlation function, 
y ( f )  , the same program as described i n  Appendix VI11 i s  
used, except  the  ak and bk coefficients  are  al tered  to 
f i t  the new r (x)  and N is changed from 127 t o  121. Thus 
y (  r )  i s  computed from (28) of Appendix V. 
Computation f o r  y ( 7 )  f o r  the  case of 2 were made 
and 'me tabulated i n  Table IX-1. 
These values are so close t o  the same case (/8 = 2) 
f o r  the N = 127 pseudo  random code of Fig. 9 of the text 
that  they are  not  drawn i n  f o r  the sake of c la r i ty .  Indeed, 
i f  normalized t o  the on-axis values, the corresponding curves 
would nearly overlap. 
TABLE IX-1. 
y ( 7 )  COMPUTATIONS FOR /8 = 2 
FOR THE TRIPLE FOLDED BARKER CODE 
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Conclusions 
From the above, it i s  concluded that the shape of the 
cross-correlation  curves, y ( r )   a r e  not   cr i t ical ly  depen- 
dent on the type of pseudo random code used provided it has a 
sharp peak of nearly the same magnitude and i s  approximately 
the same length. 
I 

APPENDIX X 
ARE ABEL TRANSFORM PAIRS 
If Y(p) is related t o  X(r) by (83) of the text 
then we wish t o  show that  the s o l u t i o n  f o r  X ( r )  is: 
Thus Y(p) and X ( r )  are Abel Transforms of each other .  
Proof: 
By changing variables, 
1 
" 
P2 
- a  
- = / 3  1 
r 2 
I 
hence (1) becomes 
Let 
and 
then (6) can be simplified as 
where i n  our case a = $E 
If we take the Laplace transformation [29] on both sides 
of (10) and use the Convolution Theorem, 
(where here g t (10) reads: 
126 
where 
'0 
(16) g i v e s  
Differentiating both sides with respect t o  x , gives 
But since a = h , (20) can be writ ten in the following form: 
Using (7) and (81, we obtain 
P, 
Using (3) and (4) gives 
where 
12 8 
L, 7 0 
= -+ r 3 
therefore, 
a -4 j 
09 
Y( p > p  - * d p  
which proves that  (2) is correct.  Therefore, Y(p) and 
X ( r )  are  transformable with each  other.  Either one of them 
can be found as long as the other one is known by going 
through the integration-differentiation operations as indi- 
cated by (1) and (2). 

" 
APPENDIX XI 
DETERMINATION OF THE k FACTOR 
We have 
-k r2 
e 
YO 
Hence 
Z' z' 
but yo/y = 1 4- x , x = (y /y) - 1 and x e e 1 , therefore 2 
0 
Tabulations of k versus  obtained from the computed 
values of y(z) , as a l so  tabulated i n  Table X I - 1 ,  then 
give  the  values of k indicated, as plotted  in F i g .  13 of 
the text ,  and other values read off th is  curve as tabulated 
in  Table I11 of the text.  
I 
T A B B  XI-1. 
TABULATIONS OF k VERSUS 
0.40 
1/3= 1.00 
I 0 
I .6 
 
I 0 
02 
.4 
-6 
Ip- 2.00 
1 
I 
~ 
Y(z> k 
85.6044 
75.8889 . 8645 65.2865 .80012 
"-"" 
83 0387 . 77225 
63  .130757 ------- 
62.62638 
. 21138 58.66586 .20631 61.10134 
. 20125 
I
Take k 0.71 
* From F i g  . 9 of text. 
APPENDIX X I 1  
DISCUSSION OF RECEIVER DESIGN 
The t e x t  has shown that the measurement error w i l l  be 
small since the o u t p u t  signal t o  noise power r a t i o  of a 
properly designed correlation receiver will be greater than 
ten. Now, i t  is  desirable t o  adjust  the receiver bandwidth, 
B , t o  as small a value as possible without  introducing 
d is tor t ion ,  so  as t o  have a higher signal t o  noise, 
(So/No)in = (Solin / (KTIB) , power r a t i o  t o  minimize the 
correlat ion time required and associated receiver expense. 
The designer of the receiver, however, must also 
r ea l i ze  that  the bandwidth of a l l  i t s  stages must be s u f f i -  
c ien t  t o  pass the received coded pulse t ra in  s igna l  wi thout  
d i s tor t ing  it. A conventional  engineering  rule 30 i s  that ( 1  
the bandwidth of an amplifier stage, B , (as measured between 
the lower and upper 3 Db. points) be  some fract ion,  usually 
- 0.35, of the  reciprocal of t he   r i s e  time, $ , i.e. 
B = 0.35 + cycles/sec. (1) 
where % 3 R i  se Time Bandwidth l/% , B s Receiver Band- 
width. We note that % can be wri t ten as 
1 1 
(2 1 
where p is the ,distortion parameter as defined by (62) of 
the text, and T i s  the b i t  duration  (here T f 25.6 Nsec.>. 
Hence 
A p l o t  of BT (and also B i n  Kcps) versus p is  given i n  
Fig. XII-1 and tabulated i n  Table XII-1. 
To j u s t i f y  reducing the bandwidth, B , below -35 % 
we can introduce the concept of a mean square, or effective 
bandwidth, Be . 
Firs t ,  we recognize [lo] , (p .  115) that the ou tpu t  corre- 
lation  function y ( f )  has a spectral  density G ( W T )  which 
i s  the  Fourier  transform of y ( 7 )  , i.e. 
-00 
and, therefore, 
hence 
I 
1,000 
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6" 
F1G.n- I  RISE TIME AND EFFECTIVE BAND WIDTH 
DEPENDENCE  ON  DISTORTION  PARAMETER 
P 
TABLE X I I - 1 .  
RISE TIME AND EFFECTIVE BANDWIDTH COMPUTATIONS 
0.00 
0.05 
0.10 
0.15 
0.25 
0.40 
0.75 
1.00 
1.25 
1.40 
2.00 
2.50 
3.00 
0.35 BRT 
00 
4.95 
2.475 
1.650 
0 0.990 
0 . 6188 
0.330 
0 . 2475 
0.1980 
0 . 1768 
0.1238 
0.0990 
0.0825 
We can now define (following Gabor and Woodyard and as 
discussed by Pindyck [2], p. 24, see also Reference 15, 
p. 467) an  effective mean square bandwidth, (BeT) as 
(Be i n  cycles/sec. and T i n  sec.) 
I '  J? (WT)2G(WT)d(WT) 
(B,T)~ z --% - 1 
(2Tl2 [ G ( i J T ) d ( U T )  (S 0 out (2nP - 
Hence ( 6 )  becomes 
and ( (100) of the text gives (since yo =: (So)out 1 
13 7 
The resu l t  (10) i s  an alternative expression f o r  the 
R.M.S. error we make in locating the peak of the correlation 
curve  centered a t  = 0 , and is  only val id  f o r  large 
signal t o  noise ratios [(So/No)out * *l] . It is  t h i s  re- 
sult that  i s  given i n  e a r l i e r  work /2] (see p. 24, (22b) 
where there it i s  assumed (So/No)out = 2(So/Nolin 1. 
(Also, i n  t ha t  work, since  extensive  curves of y ( r )  were 
not  available,  the  factor ytt(0) was calculated by means of 
( 5 1 ,  i.e. by f i r s t  performing integration of (4) t o  ob ta in  
G ( W T )  then  multiplying by and integrating v i a  
(6) ; the  resul ts  obtained were questionable and inconclu- 
sive. In th i s  report yt t (0)  was obtained as  previously 
discussed by a much  more direct  procedure since extensive 
cwves of y(z) were f irst  obtained.) 
Now, f rom ( 8 )  we can write 
(B T I 2  = - - 1 y"(0) e 4 7 p  Y 
0 
where the  factor k i s  plotted  as a function of B i n  
Fig .  13 and tabulated i n  Table 111 of the text. Hence, we 
can obtain (BeT) versus  as  also  plotted i n  Fig. XII-1 
and also tabulated in Table X I I - 1 .  (Be i n k p s  i s  a lso 
plotted in this f igu re .  
From Fig. XII-1 we see Be 4 0.35 % ; this suggests 
that  we may get by with using a bandwidth l e s s  than 0.35 % 
and s t i l l  not g e t  t oo  much distortion since i f  B * Be and 
i f  the energy is  mostly concentrated i n  the bandwidth Be , 
most of the energy will g e t  through. 
Choosing B -- Effect on Input Signal t o  Noise Power Ratio. 
From the above, we see that B must be chosen large 
enough (B 2 0.35 % or  poss ib ly  in  the range B e <  B C 0.35%) 
I 
: t o  insure  faithful  reproduction of the wave form, but we want 
B as small as possible t o  limit the i n p u t  noise power (kTIB) 
such that the i n p u t  signal t o  noise  ra t io  i s  as  high as we 
can make it so that the receiver need not  perform as  much 
correlation (i.e. integration). 
Suppose we choose B a t   t h e  limits Be and 0.35 + 
and examine the resulting Input Signal t o  Noise Power Ratio 
as a function of satell i te posit ion (note that 
(So)in= Eln/NT 1. The results are tabulated in Table XII-2. 
It i s  seen tha t  (SO/Nolin 1 f o r  ei ther choice but  i s  
larger f o r  B = Be . 
Thus, the correlation receiver expense can be minimized 
for  the lower bandwidth choice B Be but  a t  the  cost of 
more signal distortion, which, somehow, would have to  be 
13 9 
TABLE X I I - 2 .  
COMPUTATIONS OF INPUT SIGNAL TO NOISE POWER RATIO, (2L 
calibrated out ,  i f  possible, of the ou tpu t  of the receiver, 
y ( 7 )  . This writer  prefers choosing B 0 0.35 l 3 ~  and 
accepting the lower input signal t o  noise power r a t i o  and 
building a more expensive receiver (i.e., one capable of 
performing more correlation) whose output  need not calibrate 
out  any distor t ion due t o  the receiver. In either case, 
sufficient correlation would have t o  be performed so that  
the output  signal t o  noise power r a t io  would exceed 10 so as  
t o  validate the low error findings of the text. This should 
not be much of a problem, as previously indicated in the text, 
since the maximum o u t p u t  signal t o  noise ratio power should 
be capable of being a t  l e a s t  44. 

APPENDIX XI11 
EFFECT OF IONOSPHEZiE ON SOLplR PROBE EXPERIMENT 
In the  text,  the d is t r ibu t ion  of fp(r) as shown i n  
Fig. 1, did not include the presence of the ionosphere which 
extends from approximately 50 kilometers above the ear th  to  
several earth rad i i  (mean ear th  radius  = 6371 kilometers) with 
a d is t r ibu t ion  [17] (pp. 668-670) typified by F i g .  X I I I - 1 .  
Thus the ac tua l  fp(r)  d is t r ibu t ion  should be as 
sketched i n  Fig. XIII-2. 
However, the solution t o  the scalar wave equation even 
i n  t h i s  ionospheric layer can s t i l l  be taken as the W.K.B. 
solution since the inequality (18) of  Appendix I, 
i s  s t i l l  much less than  unity. This i s  seen as fol lows:  From 
Fig. XIII-1, we see that f p  var ies  from roughly zero t o  
10 m H z  (hence E, varies  from roughly  unity t o  0.98, for 
f o  k: 70 m H z  ) i n  a distance of A[ = 300 km, hence since 
x 2 a - 300 meters, we have 
70 
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FIG. Xlll-2. SKETCH OF PLASMA  FREQUENCY  VARIATION IN SOLAR 
CORONA  INCLUDING  IONOSPHERE. 
As such the effect of the ionosphere i s  merely t o  in- 
crease the averaged or integrated squared plasma frequency 
factor  by the addi t ional  amount over the ionosphere. Hence 
denoting by P2 the  value of the normalized plasma factor  
with the  ionosphere  present and by P2 the value in the 
- 
I - 
absence of the ionosphere, gives 
where fI i s  the  effective  distance of the t o p  of  the 
ionosphere, and H i t s  maximum thickness. If we denote 
the maximum plasma frequency in the ionosphere then a 
P I  
where 
Hence, f o r  a given ca r r i e r  frequency, 
to i t  fol lDws from (54) of the text  
f o  9 and path length, 
that  the rise t imes 
and hence from (62) of the text ,  the  dis tor t ion factors ,  f o r  
a fixed b i t  length, T , f o r  ionosphere absent are related by 
_.". . ."". 
" 
which from (56) of the text  can be wri t ten in  terms of the 
d i f fe ren t ia l  group delay time as  
where 
$ 2  
0 
Now since H 300 km , and f X 10 mHz, then  for 75 a z ,  A 
ATd 0.01 milliseconds. From Table I1 of the text we see 
that Td ranges over 0.16 S Td foo milliseconds  for  an 
offset distance 0 % p s 154 , and, therefore, (6) becomes 
Hence, the ionosphere has a negligible 
dis tor t ion of the signal. This i s  true for 
effect  on the 
any carr ier  f re-  
, since the f o  2 
(8) 
Another way of expressing t h i s  resu l t  is that the effec- 
t ive  bandwidth of the ionosphere, AfI , i s  much larger than 
that  of the solar path, Af , since from the definition, 
Af = l/$ , (54) of the t ex t  gives: 
I 
but using (56) of the text  this can be expressed as 
Thus the  addi t ional  dis tor t ion undergone by the wave as 
it traverses the ionosphere will be negl igible  as  compared 
t o  that undergone by  wave as it traversed the solar path. 
The above i s  for normal (radial) incidence; for oblique 
incidence larger corrections would resu l t .  All of these 
would add incrementally t o  the signal rise time, (or  effec- 
t i ve  P2 ) and should be added i n  with the incremental  r ise 
- 
time introduced by the antennas, transmission lines, and 
receiver front end, when evaluating the receiver o u t p u t  
response. 
APPENDIX XIV 
EFFECTS OF REFRACTION OF SOLAR CORONA -- 
GEOMETRICAL  OPTICS  OLUTION 
a. In t roduct ion  
Thus far,  the effects of refract ion (ray bending)  have 
been  neglected.   In this appendix, this refract ive  bending 
due t o  the solar  corona i s  shown t o  be t r i v i a l  by using a 
s i m p l e  and concise  geometr ical  opt ics  method. 
b. Ray-Path Equation 
By employing the electromagnetic theory approach t o  
geometr ica l  op t ics ,  the ana ly t ica l  formula  obta ined  for  
descr ibing electromagnet ic  ray paths i n  a inhomogeneous 
medium [31) i s  
where 8,  and rs are t h e   i n i t i a l   a n g l e  and t h e   i n i t i a l  
d i s t a n c e  of the r a y  path r e spec t ive ly ,  as measured  from the 
o r i g i n  of the coordinate  system,  and b i s  the r a y  parameter 
given by 
n(r)r s i n  fl b = cons tan t  
149 
and i s  the  angle between the  position  vector and the 
tangent a t  t h e  point P on the ray (see Fig. XIV-11, and 
n( r )  i s  the  refractive index. 
From Section 11 of the text,  f o r  the model of solar 
corona assumed, the refractive index i s  approximately given 
2 k2 n ( r )  = 1 - -  
r2 
where k can be found equal t o  12 x f o r  fo = 75 mc 
(see p. 48 of t ex t ) .  
By considering that the ray path starts from the 
satel l i te ,  the  o r i g i n  of the coordinate system can be taken 
at  the center  of the sun such that  8, = 0 , and rs equal 
t o  the normalized distance (with respect t o  the radius, Ro , 
of the Sun) ,  between the sun and the satel l i te  ( i .e .  
rs = Rs/Ro ) as  shown i n  F i g .  XIV-1. 
I n  terms of normalization distance (i.e. r = R/Fio 
= @/RE) (RE/R.) = 215 u , and rs = R s D 0  = (Rs/RE) 
= 215 us ), (11, with refractive index given by ( 3 )  becomes 
2 2 2 fo r  (215 uI2  * k2 + b 9 (215 uSl2 k + b (4 1 
I 
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J 
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FIG. X I V - I .  RAY PATH  GEOMETRY 
SOLAR PROBE  PROBLEM. 
-e. Effec.ts of Refraction Due t o  Refractive -Index-nCrl--: 
ComDarison with Vacuum Case - n ( r ) ~  S. I 
Since the equation, (4) , of the ray path is known, it can 
be solved graphically f o r  the parameter b by computing a 
curve of 8 versus b f o r  given  values of k, u , and us 
(with the aid of all the information tabulated i n  Table I1 of 
the text). In other words, f o r  a f ixed satel l i te  posi t ion 
(us) and a specified  termination  point ( 0 and u ) the 
parameter b can be found. This has been  done for  f ive 
cases of 8 , as  shown i n  Fig. XIV-2. This gives, f o r  
example f o r  0 85' , b z 155 from Fig. XIV-2-b, etc. 
Knowing that  the ray parameter b and the  ini t ia l   angle ,  PIs, 
start ing from the  sa te l l i t e ,  due t o  the refractive bending i s  : 
related by (2), the corresponding  value of PIs can thus be 
determined by 
since b i s  now known from the 8 versus b curves. For 
the  satell i te  location ranging from 0 = 85' t o  181.3' , 
the corresponding  value of b ranges from 2.05 t o  155 , 
and the  ini t ia l   s tar t ing  angles ,  PIs , from 48.17° t o  0.069'. 
The values of Os f o r  the vacuum case (k r: 0) can be 
found by simple geometrical re la t ion and are also tabulated in 
Table XIV-1 .  
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Although, we would expect, a t  leas t  theore t ica l ly ,  
(from (1)) that  the deviation due t o  the bending of rays 
for the inhomogeneous case as compared t o  the vacuum straight 
l ine case would increase as b gets smaller and smaller, 
Table XIV-1 shows the deviations a r e  s t i l l  very small and 
cannot be noticed within the accuracy associated with the 
graphical  procedure t o  obtain b. In other words, fiSv Z plS , 
within the accuracy of Fig. XIV-2. Therefore, the effects of 
refract ion of the solar corona can be approximated by a model 
having the refractive index n ( r )  5 1 as far as the refrac- 
t i on  i s  concerned. 
d. Conclusiong 
Choosing el, and  which are  two angles  xtending 
from two extreme points of the earth from the center of the 
sun, the corresponding  values of b (say bl and b2 can 
be obtained from the curves of F ig .  XIV-2. From ( 5 1 ,  it 
fol lows : 
where n( rs ) r s  sin pI1 = bl , n(rs)rs  s in  pI, =: b2 . For the 
vacuum case (straight line since b: s 0 ) 
ApI - R-- 2  
V SE 
where D = diameter of the earth. From the preceding, we 
would expect t o  obtain wi th  high accuracy computations of 
PI2 and that  (within  the accuracy of F ig .  XIV-2 i t  i s  
the case) 
This implies that the power received by the earth, the product 
of the flux density per unit solid angle, (which i s  the same 
f o r  each case since i t  i s  radiated isotropically by the 
s a t e l l i t e )  times the subtended angle, i s  essentially the same 
f o r  both the vacuum and the n(r)  = 1 - - k2 case, where k2a*1.  
r2 

APPENDIX XV 
a. Basis of Simulation 
To tes t  the  feas ib i l i ty  of the proposed correlation 
scheme t o  measure, essentially,  the B of the solar corona 
path as  a function of satel l i te  posi t ion,  it i s  desirable t o  
insure that the designed system i s  indeed working correctly, 
i.e.,  to calibrate the system. To accomplish this, i t  i s  
suggested that the pseudo random phase shift  keyed car r ie r  be 
injected into a run of waveguide having a length L2 with a 
cutoff to carrier frequency of P2 , and the ou tpu t  be fed 
into the correlation receiver. To simulate the solar corona, 
the waveguide parameters, L2 and P2 , must be chosen  such 
that  two conditions be satisfied: 
(1) The ,& factor of the waveguide must be the same as 
that of the solar corona. Denoting the waveguide case by the 
subscript 2 and the solar corona case by the subscript 1, 
then we must have: 
B1 = B2 
(2) The waveguide length, L2 ; the carr ier  frequency 
f o r  .the waveguide case, fO2 ; and the ra t io  of cutoff to 
carr ier  frequency, P2 , must be such that the Waveguide 
output w i l l  have the main signal type of response to  a stepped 
carrier input,  for essentially,  all  time (since this is  the 
response for the solar case), This amounts t o  having the 
maximum value of the normalized time-distance factor for the 
waveguide case, v2 max , the same or greater than i t s  maxi- 
mum value f o r  the solar case, v1 max , i.0.: 
V 2 max - 1 max w v  (2) 
Let us now explicitly state these conditions, From (621, 
(561, and (56)  of the text, i t  follows that (1) implies* 
* It i s  noted here that f o r  the general case (where P2 4 1 
need not be satisfied) , (29 )  of the text  gives W , )  
tR= P i s  given by 
thus causing (36) of the text t o  become and (50) of the 
text t o  become (6) 
160 
2 But  since Pl* e1 and using  the  notation q1 = 2 r f 0  to 
1 1  
and q2 = 2n.f to this becomes 
O 2  2 
- 
f f T,!l - P,) 2 3/4 
O1 O 2  
Let us now see what (2) impl ies ,  From (36) of the  text 
we saw that we get the  main  signal  response  to a stepped 
carrier for* 
and since 
It then  follows  that  the  main  signal  solution  will  exist for 
Now for the solar case (Case 1) P1 e 4 1, hence 2 
v1 m a x  = p1 
* See footnote, p, 160. 
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I 
(We note  that v1 max reduces to ,  since ql = 2 r f 0  t, , 
1 1  
n m  
experiment where f o  Y 70 mHz and T > 3.10~ sets. g ives  
dl” 2 
V 1 max E 200 ; hence from Fig.  4a we see that the main 
signal can be used f o r ,  essent ia l ly ,  a l l  times. Hence if we 
made ‘2 m a  1 m a  9 we insure  that  the main signal solu- 
ti0.n exists f o r ,  essent ia l ly ,  a l l  times f o r  the waveguide 
case. Now we want t o  make L2 as  small as  possible, 
therefore, we can get by with v s v  but from (7) 1 max ’ 2 max 
theref  ore, 
Thus, (4) and (10) must be satisfied if the waveguide is 
t o  simulate  the solar corona. Substituting P1 from 
(10) i n t o  (4) gives 
Letting 
M = f T = # of cycles i n  individual pulse of (12 1 
‘1 duration T1 
162 
g i v e s  
That is, the simulation scheme must have the same  number  of 
cycles  in  i t s  pu l se  as the solar case! 
NOW, from (10) (noting that p1 = 2- 1 
1 1  
we obtain after squaring both sides, 
where x = c/fc , with f c  = cutoff  requency of waveguide, 
vC 
O 2  
P2 = fc/f But 
theref  ore, 
Substituting  (Td,fo,) from (16) into (14) gives 
(1 - P,) 2 3/2 (-e) = 2P2 p2 
~ 
For a specified M and one uses (17) t o  determine 
the length of the  guide once P2 and 
some convenient values (say X-band). 
from (13) and the specified value of 
x are specified a t  
vC 
One can deduce T2 
M and P2 . An example 
simulation scheme at  X-band is  given in  w h a t  follows. 
First, it is noted that  the bandwidths, Afl and Af2, 
which are  the  reciprocal of the rise times, tR1 and t R 2  , 
respectively, are related by, via ( 5 4 )  of the text and (16) 
i.e., the simulation insures that the percentage bandwidths 
.I 
are preserved, and are equal to 
* *  
b o  Bxamnle of Solar Corona Simulation by WaVeEuidQ 
Suppose we desire t o  use X-band waveguide (since X-band 
components are not too  large t o  be bulky, nor too small t o  be 
diff icul t  t o  fabricate) t o  simulate the H.F. (70-80 mHz) 
experiment. Here M 2000 (f = 75 mHz , T1 = 25.6 P s e c ) ,  
and 0 d S 2 . For standard X-band waveguide, O1 
= 4.57 cm, hence from (17) , L2 and P2 must be 
vC 
chosen t o  satisfy: 
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A p l o t  of L 2 / I 2  is shown i n  Fig. XV-1. It is  seen 
that t o  realize simulation with practical waveguide runs, P=P2 
must be chosen close t o  unity.  Unfortunately, as P approaches 
unity the wall loss attenuation, a which is  governed by [32] 
bhere R, = q F  , a = internal width of waveguide,  and 
b 8 internal height of waveguide) increases rapidly. A value 
of P 0.80 gives  the low attenuations a t  X-band of approxi- 
mately 0.10 Db./foot, f o r  silver plated RG-52U guide 
(a = O.90Of1 , b 0.40019. 
Thus, a compromise must be made betveen a value of P 
the dispersion of the various waveguide components or connec- 
tors, etc., used w i l l  be experienced since these components 
are designed t o  be f l a t  over the X-band region of 
I 
t 
0.6 0.7 0.8 0.9 1.0 
FIG. XV- I. X -BAND WAVEGUIDE LENGTH REQUIRED TO SIMULATE 
P- 
V.H.F SOLAR EXPERIMENT. 
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8.2 s f  S 12.4 ghz*). A standard X-band source having watts 
of output  would be reduced to tens of microwatts which is  
more than sufficient to operate the contemplated correlation 
receiver. Once P i s  determined, T2 is  then  obtained 
from T2 = - M P , therefore,  here T2 = 0.244 Bsec. 
fo2 
O f  course, i f  higher values of p are t o  be simulated, 
the waveguide length required becomes unfeasibly long. 
(This could be prevented by reducing the number of pulses, 
M , i n  the basic b i t  and th i s  factor then should be con- 
sidered in the design of the solar experiment.) 
The preceding i s  merely an example of a suggested 
simulation for a specific experiment, and a more detailed 
look should be undertaken i n  connection with a given solar 
experiment with the objective of determining a waveguide 
simulator of fixed feasible length and yet capable of simu- 
lating  the  ntire range of the  solar experiment. 
* This bandwidth of 22C$ is more than adequate t o  insure 
that the various waveguide components will not d i s t o r t  the 
rise time t o  be propagated which, as  seen from Table XII-2 
requires a much smaller bandwidth. 
I 

APPENDIX XVI 
COMMUNICATION BANWIDTH A!C S BAlQ 
If communication between the solar  probe  satellite  and 
the earth is desired (at say.a higher carrier frequency in 
the S-band range) , then the usable  bandwidth, Af, will 
be restricted due  to the dispersion of the solar path. Now, 
this bandwidth (by definition) is the inverse of the rise 
time, hence ' 
A f  * - tR 
1 
- 
But, from (54) (since P2 * (1) 
Therefore, 
Hence, since fp and to are fixed for a given satellite 
location, the bandwidth is seen to be proportional to the 
3/2 power of the carrier frequency.  Now, we can write 
- 
or ,  i.e., from (1) 
Taking f o  = 1 ghz , and using the p l o t  of t~ ( e )  HoF 
of Fig .  11 of the  text, (f = 75 mHz) a p l o t  of 
Af versus 8 can then be obtained as shown i n  Fig .  XVI-1. OH.F . 
and also tabulated i n  Table I1 of the text. (We recal l  that  
Fig. 11 of the text i s  based on the n(r) = 1G2/r2 assump- 
tion.) 
It is seen that the usable bandwidth varies from about 
24 mHz  maximum t o  about 2 mHz minimum f o r  the trajectory 
considered, which is sufficient for quality T.V. signal 
transmission. 
I 
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APPENDIX XVII 
DUAL FREQUENCY EXPERIMENT AT S AND X B A Q  
Due to  the  fac t  tha t  a single antenna (parabolic dish 
with dual frequency feed) i s  currently being developed 
for  use a t  both S and X band, it i s  desirable to take a look 
a t  t he  S.S.P. experiment using these two frequencies. 
F i r s t ,  we note from (108) and (log) of the text that we 
can write 
Now, l e t   t h e  S-X band (i.e. f = 1,000 mHz,  f = 10,000 mHz) 
case be denoted by primes, and the V.H.F. case ( i . e .  
O1 O 3  
f = 70 mHz, = 80 mHz) by no primes, taking the respec- 
t ive  ra t ios  of (1) for these two cases gives 
O1 O 3  
Now, suppose we i n s i s t  that the output signal t o  noise 
levels must both be high (which must be the case for proper 
operation) and that the same type of correlation output curve 
dependence on satellite location be maintained a t  the lover, 
subscript one, frequencies, i .e.  
The former requirement just i f ies  use of the findings of 
F i g =  15 of the text, while the l a t t e r  (from th is  figure) makes 
( A  ~~)24so/No)out  ( A  r;)*(So/NojOut equal. Further, 
since 
max 
suppose we i n s i s t  that  
and 
give 
assume this makes (So/ 
S 
(4) 
Thus (2) 
Now, (31 implies  that the b i t  length, T' , i s  related 
to  the b i t  length T by (since = $/(*TI ) 
i . e .  
Hence 
Theref ore, 
312 
- = (z) T' T 
Hence, (6) becomes 
80 
J 
Hence, the percent error in  the 6-X Band experiment i s  somewhat 
smaller than for the V.H.F. experiment. 
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We note that since T '= 25.6 p e c . ,  T' = 0.474 psec.  in  
this duration about 47% cycles of the f '  * 1,000 m& fre- 
quency will exist  so that this i s  not impractical. 
O1 
Now, t o  
" %N 
NIN 
- 
Suppose 
have ( 5 )  hold, we note 
(13) 
(4fR)2 K TI 
we take  the  ratio of (EIN/NIN)  t o  (EIN/Nra) 
and hold GT and % constant a t  the lower, subscript 1, fre- 
quencies,  then 
2 
L 
Now we note from Figs.  16, 17, and 18 of the text that  at  
S or X band the noise temperatures are much smaller than at  
V.H.F. For example, a t  1 ghz, TA * 20' , Te * 8' , hence 
TI z 28' , therefore, Tf/TI 28/2650 1/100 , hence, f o r  
S-band, t o  have equal signal t o  noise energy ratios, i .e. 
(14) equal t o  unity, we require that 
but ,  from (111, t h i s  becomes 
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Thus if the same peak power can be realized a t  both S 
and V.H.F. (Pi = Pr) then N' = 110 N ""13,974 . This means 
the number of b i t s  required is increased by a factor of about 
100. This probably can be done, but the associated circuitry 
is more involved. Alternatively, a t  6-band P+ can be made 
larger than 2 kw and N' correspondingly reduced. 
From (a) we note that the signaVnoise energy r a t io   a t  
X-band t o  t ha t  a t  S-band i s  (holding PT, N, T, and GT con- 
stant  at   the values they have a t  S-band) 
since gain i s  inversely proportional t o  wavelength. Using 
the curves of Figs .  16, 17, and 18 we note that T ff loOK, 
hence TI~/TI-= 2.8 , thus the signal/noise energy ratio 
a t  X-band i s  a t   l ea s t  equal t o  tha t   a t  S-band. 
0 *X 
From (89)  of the text the difference in differential time 
between  peaks for the S-X band experiment, AT;, , is re- 
lated t o  that for the V.H.F. experiment by 
177 
but 
3 
(>) O1 
[l - ( q ]  
02069 
Thus, from already computed values of AT13 (Table I1 
of the text)  we get the resu l t s  of Table XVII-1. This time 
AT varies from about 1 t o  130 Bsec. over the trajectory 
considered. 
In closing, we note that the i n p u t  signal t o  noise power 
ra t ios  are related by 
t 
'T GT Ad 
J. 
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9 
85.0 
97.5 
113 . 0 
134.0 
153.0 
164.0 
173 5 
178 . 0 
179.0 
180 . 0 
181.0 
184.0 
187.0 
TABLE XVII-1 . 
AT FOR s-x BAND EXPERIMENT 
P 
154.2 
120 . 1 
91.93 
63 77 
40 . 03 
25.21 
11 . 86 
4.45 
2.22 
0 
2.22 
8.90 
14.83 
ATV.H.F.  
(MILLISECS.) 
which we have seen (namely from (16) ) is approximately 
1/110 . Thus the input signal t o  noise power ra t io  is about 
t v o  orders of magnitude smaller a t  S-band tha t   a t  V.H.F. 
The signal t o  noise power ra t io  a t  X-band compared to  
S-band i s  (holding PT, GT, and the product GR A* constant) 
(')INX-mnd (TIB)S-Band e (2.8) x -  (22) 
'pJ- = 
1 
(TIB)X-Band ( 1 0 W  10 
INS-Band 
a d  hence is  about three orders of magnitude noise than a t  
V.H.F. 
Thus the advantages of performing the experiment a t  
S and X-band, i.e. that  of using an available antenna, and 
resulting in higher accuracy measurement (i.e. (1211, have t o  
be weighed against the disadvantages of working vi th  smaller 
differential  displacement times (i.e. (19)), as well as 
lower signal t o  noise power ratios (assuming the same  power 
and gains as a t  V.H.F.) and hence with the associated longer 
correlation times (i.e. (16)), and  more involved correlation 
receivers. 
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APPENDIX XVIII 
PZB;SMA-DIAGNOSTICS VIA A.M. OR N.B.F.M. 
a. AmDlitude Modulation (A.M.) 
Consider an amplitude modulated car r ie r  wave a t   t he  
plane t = 0 i n  an i n f in i t e  homogeneous plasma, 
ei(t> = (1 + mA s in  (clmt) sin &Jot 
where: 
mA = modulation  (amplitude)  index 
Wm = angular modulation frequency 
wo = angular carrier frequency 
Use of trigonometric identities allows one t o  write (1)- 
a s  
” mA cos [ y o +  t, I t ]  
2 m 
Each frequency component (i.e. the carr ier ,  lJo , the lower 
side band (J0 - urn , and the upper side band, uo + um 
of this input propagates dovn the plasma with the phase 
factor P ( w )  correspondingly  evaluated a t  uo , GI, - 
and uo + um , i.e. 
. 
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I. 
where 
Now, if 
*O 
we can write 
182 
where 
A = 1 + mA cos K sin urn k-el 
where 
K =  
2 3 distortion parameter 
v =:- wo S phase velocity at carrier frequency (Jo 
(12) 
v -  1 group velocity at carrier frequency G, 
(13 1 
go - pt (*w,> 0 
Now, using 
(8) becomes 
sin [w* (t - e) +13 ] 
where 
-mA sin K sin um t - z 
pI = arctan 
1 + mA cos K s in  um “ I  
Thus the output  amplitude modulation, i.e., the square roo t  
term in  (151, has a ra t io  maximum t o  minimum of 
the maximum  and minimum occurring f o r  values of time such that 
Ll,(t - e) = Tr (2n + 1) , and r n  , respectively. Hence 
by detecting this signal in the usual A.M. (i.8.) envelope 
detector)fashion, one can measure th i s  r a t io  
and hence determine K (since mA i s  known). From (11) 
one can then determine up , assuming z i s  known. 
b o  SDecial Case of Low Modulation Index 
We note f o r  the special case of small index of modulation 
mA*<l that (15) becomes 
184 
where 
PI - mA sin K sin (J m (19) 
Thus f o r  this case the effective index of modulation is 
changed from mA t o  mA cos K and the output instantaneous 
frequency, WI (t) defined by 
0 
i s  
i.e. there i s  a s l i gh t  frequency modulation of maximum 
deviation 2 mA(J sin K about the carrier. 
m 
c. Narrow Band Freauencv Modulation (N.B.F.M.) 
Next, suppose we consider the F.M. input of 
where we consider only narrow band F.M. (N.B.F.M.), i.e., 
r e s t r i c t  9 so that 
Then 
hence 
ei(t)  = s in  G) t + m ~ ,  cos G) t cos Wot 
0 m 
i.e. 
e i ( t )  L, sin W t + - cos (LJ, - Um)t 9? 
0 2 
Comparing (28) with (2) we see that the N.B.F.M. signal is 
identical  t o  the A.M. signal except for  a sign change 
(i.e., a phase shift  of in  the upper side band.  Hence, 
i f  we go through the same operation as before we get (8) 
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but now 
A = 1 + 9 s in  K cos urn k-L) g0 
B = + 9 cos K cos L J  (t-l) m 
g 0  
where again we must res tr i c t  0, such that 
om - w (1 
0 
SO that (6) and (7) hold. 
Hence using (14) we get 
where 
s in  K cos Urn (t -+)J 
g 0  
But since 1 th i s  reduces to  
We note that i f  there i s  no dispersion (K = 0 )  (34) re- 
duces t o  (22) f o r  z t 0 as it should. 
Thus, the  N.B.F.M. signal ends up being amplitude 
modulated by 9 s i n  K and also frequency  modulated, i t s  
instantaneous frequency being 
i.e. w (t) has a maximum deviation of %urn cos K about 
IO 
the car r ie r .  This deviation can be readi ly  measured by an 
F.M. discr iminator  c i rcui t  and hence K can be determined 
from which up can be obtained. 
d. Conclusion 
The pertinent findings of t h i s  appendix a re  summarized i n  
Table X V I I I - 1 .  I n  e i the r  the A.M. (with small modulation 
index) or the N.B.F.M. case both amplitude and frequency modu- 
l a t i o n  exist a t  the output due to dispersion, however, the 
frequency  modulation i s  small (being proportional to sin K 
via (21) ) i n  t he  A.M. case, and the amplitude modulation i s  
188 
For these special cases of small deviations, it i s  seen 
that the modulation I s  propagated a t  the carrier group 
velocity, v 9 
phase velocity, 
g0 
while 
v .  
PO 
the carrier propagates a t  the carrier 
TABLE X V I I I - 1 .  SUMMARY OF PLASMA DIAGNOSTICS  VIA A.M. OR N.B.F.M. 
1s SIGNAL 
w, 
GI0 
-ctl 
I rnp< 1 
a = O  1 
WHERE K 
FOR A TENUOUS 
LIST OF MAJOR SYMBOLS 
C I speed of light in vacuum = 3 lolo meters/sec. 
Db = decibel 
f = frequency, cyclss/sec. 
f0 = carrier frequency, cycles/sec. 
fP 
2 = plasma  frequency, cycles/sec.; f p  -81 n . 
L = path length from satellite to earth 
t  time, secs. 
= L/c = transit vacuum time for path length L 
= 4 v g =  group velocity time 
tg 
% = envelope rise t h e  = 9- 
tC = correlation time 
Td = tg - to f delay time 
T = bit length 
z a normallzed correlation time = (tc + tg)/T 
n(5 ) = electron number density at the point [ on path 
from satellite to earth, electrons/meted - 
';;(PI = - n - f n<f)df = integrated columnar electron 
0 
density,  alectrons/meter* 
from center of sun,  electrons/meter3 
corona 
n(r) = electron number density at normalized distance r 
R = distance from center of sun to arbitrary point in 
Rs '= distance from center of sun to center of satellite 
I 
LIST OF MAJOR SPMBOLS (CONTINUED) 
:$ - m FE P 
(9 t 
0 out 
- $IN 
NIN - 
P2 
- 
f* 
P 
A T  
distance  from  center of sun to  center  of earth 
perpendicular  offset  distance from center of sun to 
ray path 
radius of sun = 6.960 10 meters 8 
R RS 
R, RO RO 
9 -  9 -  RE RL , respectively,  normalized 9 -  
radial distances from center of sun 
normalized  output  correlation  function 
megahertz = megacycle 
input  (at  antenna  terminals) peak signal  to  average 
noise power ratio 
output  (output of correlator)  peak  signal  to  average 
noise power ratio 
input  (at  antenna  terminals)  peak  energy  to  average 
noise power  per cycle of bandwidth 
-3. 
f2/f2 = ratio of square of averaged  plasma  frequency 
P O  
to square of carrier  frequency 
c 
- 3 f2( 6 )ds = averaged  plasma  frequency for 
L o  P 
path L 
Tdl - Td2= differential  time  delay between Td Of 
carrier  frequency 1 and 2, respectively 
TP = AT 
Ts time  b tween two successive coded groups ( T S = l  set. for V.H.F. experiment) 
V s 1 a C 
g = s group velocity evaluated at B;( w,) (1 + $) 
carrier frequency 
p c ” =  CR v- solar distortion parameter 
W s angular frequency, radians/sec. 
All other symbols are defined as they are introduced, 
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